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2. Professor Bennett reviewed briefly the various types of geometrical 
investigation traditionally used in the study of the geometry of triangles: 
elementary synthetic (Euclidean) methods, Cartesian analytic geometry, syn- 
thetic projective methods, analytical methods using general homogeneous co- 
ordinates, areal and normal trilinear co-ordinates, inversive geometry. In what 
might seem to be the most natural geometry of point triads, the vertices of the 
triangle are more fundamental than the sides, as is seen in considering inversive 
properties. The domain of rational points may be so taken as to include each 
point symmetrically determined by the triad of vertices but such as not to 
include in general the individual vertices themselves. The theory of binary 
forms affords two distinct methods of interpretation, both of them direct, ana- 
lytic, and economical in contrast to the older methods but giving rise initially to 
different associated points. The first and most significant points obtained are 
the pair of isodynamic points and the symmedian point which play more 
important roles than the centroid, circumcentre, incentre, etc. in the extended 
group of transformations considered. The fundamental character of the cir- 
cumfeuerbach point is touched upon. 

3. Professor Frink’s paper gives a method of obtaining the formulas of the 
differential calculus without the use of the limiting process. The method is 
similar to those of the early writers on the calculus, but differs from them in 
being rigorous. It is based on the theory of analytic functions of a hypercom- 
plex variable. A modification enables one to obtain the first and higher deriva- 
tives simultaneously. It is shown that the method justifies considering the 
differential as an absolute infinitesimal. 

4, Let us suppose that from a given point on the solar surface particles are 
ejected at successive intervals; that these particles are matter subject to the 
attraction of the sun and to a radiation pressure inversely proportional to the 
square of the distance of the particle from the sun’s centre. Each particle de- 
scribes a conic section. If now we assume that a given streamer in the solar 
corona is the projection on a plane perpendicular to the line of sight, of the locus 
of all these particles, then we can compute and plot the shape of these streamers 
as seen from the earth. The initial-velocity of the particle at the sun’s surface 
is the resultant of the velocity of the particles due to the sun’s rotation and the 
velocity of ejection. This theory has been applied to a great many solar 
coronas that have been photographed in the past twenty years with long focus 
telescopes. It has been found possible to determine constants in the equations 
that will reproduce any streamer that has ever been photographed. Most 
streamers have such a shape that they could not have been produced by 
ejection alone. The theory also has indicated that the ends of the streamers 
which are as much as three and one half radii of the sun from its centre should 
turn back there rather abruptly, and streamers of these types have been found 
on two or three of the coronas photographed. Of course this does not prove that 
the coronas are produced in this way but it does offer one explanation of their 
peculiarities. 
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5. Professor Alexander discussed the problem of finding sufficient invariants 
to determine completely the knot type of an arbitrary simple closed curve in 
space of three dimensions. He outlined the derivation of one of these in- 
variants which takes the form of a polynomial A (x) with integral coefficients, 
where both the degree of the polynomial and the coefficients are functions of 
the curve with which it is associated. He pointed out that the problem was not 
completely solved and suggested several problems related to it. 

J. R. KLINE, Secretary 


THE MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The ninth regular meeting of the Southern California Section of the Mathe- 
matical Association was held at the University of Redlands, Redlands, Cali- 
fornia, on Saturday, March 9, 1929. Professor E. T. Bell presided. The atten- 
dance was forty-four, including the following thirty-one members of the 
Association: O. W. Albert, E. E. Allen, L. D. Ames, M. A. Basoco, Harry 
Bateman, Clifford Bell, E. T. Bell, Grace E. Berry, P. H. Daus, J. D. Elder, 
Iva B. Ernsberger, Raymond Garver, Harriet E. Glazier, W. L. Hart, E. R. 
Hedrick, G. H. Hunt, Glenn James, Mary M. Keith, G. R. Livingston, W. E. 
Mason, W. B. Orange, Lena E. Reynolds, W. P. Russell, H. M. Showman, 
D. V. Steed, H. C. VanBuskirk, Morgan Ward, L. E. Wear, Mabel G. Whiting, 
W. M. Whyburn, and Clyde Wolfe. 

The meeting began with a luncheon at Grossmont Hall, and the Association 
was welcomed to Redlands by President Duke. The following officers were 
elected for the scholastic year 1929-1930: Chairman, E. E. Allen, Occidental 
College; Vice-Chairman, G. E. F. Sherwood, University of California at Los 
Angeles; Program Committee, Morgan Ward, California Institute of Tech- 
nology and L. D. Ames, University of Southern California. The next meeting 
was tentatively scheduled for November 9, 1929, at the California Institute of 
Technology. 

The following program was presented: 

1. “Education in England,” by Professor M. M. Keith, University of 
Redlands. 

2. “Geometric fallacies due to incautious use of one-to-one assignment,” 
by Professor E. R. Hedrick, University of California at Los Angeles. 

3. “Three similar erroneous proofs of the fundamental theorem of algebra,” 
by Professor Glenn James, University of California at Los Angeles. 

4. “The classification of binary relations,” by Dr. Morgan Ward, California 
Institute of Technology. 

5. “Problems in road construction,” by Miss Ethel Neily, University of 
Southern California (by invitation). 

6. “On certain class number recurrences of the Kronecker type,” by Mr. 
M. A. Basoco, California Institute of Technology. 

Abstracts of these papers follow: 


| 
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2. Using the well known one-to-one assignment between points on a line 
and points of a plane, Professor Hedrick constructed geometric examples which 
illustrated the fallacies which arise when the assignment is not continuous. The 
examples illustrated the inability to assign the order of infinity of the set of 
geometric elements so constructed. 

3. Attempts to prove that every algebraic equation has at least one root 
have been for the most part of two sorts. In the field of the complex number 
theory the first and many later correct proofs have been developed. The earlier 
and less successful attempts have been to make the proof depend upon the solu- 
tions of equations of odd degrees. Three supposed proofs of this sort, by 
Clifford, Malet, and Walechi are shown to be fallacious. Up to the point where 
these proofs go wrong they parallel Gauss’s proof although they appear quite 
different. 

4, Binary relations are classified according as they are always, sometimes 
or never reflexive, symmetric, or transitive. Of the 27 cases apparently admis- 
sible under this classification, only 14 are actually possible, and these 14 cases 
must be further subdivided on the basis of the behavior of the contradictory 
relation to make the classification exhaustive. Simple examples of all the pos- 
sible types of relations are given, and a few applications to the classification 
of various arithmetics indicated. 

5. Several problems in road construction involving reverse curves were 
considered and solved by analytic geometry. 

6. By making use of certain results due to G. Humbert (Journal des 
Mathématiques, 1907) and of the Fourier series expansions of certain quotients 
of the theta products recently obtained by the writer, several class number 
recurrences are derived. These are of the type given by Kronecker and may be 
found in Dickson’s History of the Theory of Numbers, vol. 3, pp. 106-108. 


P. H. Daus, Secretary 


THE FIFTEENTH ANNUAL MEETING OF THE KANSAS SECTION 


The fifteenth annual meeting of the Kansas Section of the Mathematical 
Association was held in the High School building, Topeka, February 2, 1929, 
Professor Homer S. Myers, Southwestern College, Winfield, chairman of the 
Section, presiding. 

There were fifty-eight in attendance, among them the following thirty-one 
members of the Association: C. H. Ashton, Wealthy Babcock, Florence Black, 
A. S. Croom, L. T. Dougherty, E. F. Farner, W. H. Garrett, W. A. Harsh- 
barger, J. O. Hassler, W. H. Hill, Emma Hyde, W. C. Janes, C. F. Lewis, 
O. B. Loewen, W. H. Lyons, Anna Marm, U. G. Mitchell, T. A. Mossman, 
H.S. Myers, O. J. Peterson, A. W. Phillips, T. I. Porter, Ethel Rumney, W. L. 
Remick, D. H. Richert, J. A. G. Shirk, Guy W. Smith, E. B. Stouffer, W. T. 
Stratton, J. J. Wheeler, A. E. White. 
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The following officers were elected: Chairman, Professor C. H. Ashton, 
Vice-Chairman, Professor Emma Hyde, Secretary-Treasurer, L. T. Dougherty. 

The morning session was a joint meeting with the Kansas Association of 
Mathematics Teachers, Miss M. Bird Weimar, of Wichita, presiding. At this 
session, Professor J. O. Hassler, of Oklahoma University, spoke on the value of 
mathematical history to the teacher and to the pupil, and Professor E. B. 
Stouffer, of the University of Kansas, gave a report of the Mathematical Con- 
gress at Bologna in the Summer of 1928. At the joint luncheon of the two As- 
sociations, which followed the morning session, Professor U. G. Mitchell, of 
the University of Kansas, gave a very interesting talk and demonstration of 
“Mathematics and Poetry.” In the afternoon, the Kansas Section met in 
separate session, the program consisting of two papers: 

1. “The Gamma-function,” by Professor Ashton. 

2. “Some properties of Euler’s phi-function,” by Professor Richert. 

Abstracts of these papers follow: 

1. Just two hundred years ago, Euler introduced a new function, which has 
been the subject of many papers and a few entire volumes. Nearly a hundred 
years after its introduction by Euler, Legendre named it the Gamma-function. 
Comparatively little has been written about this function in this country, either 
in our books or in our journals. In this expository paper, it is defined by an 
integral, by infinite products, and by its difference equation, and some of its 
properties are discussed. 

2. If m is any given positive integer, the number of integers not greater 
than m and prime to it, is called Euler’s phi-function of m, (or indicator of m), 
and is denoted by ¢(m). It is well known that this function is of frequent oc- 
curence in the theory of numbers. This paper deals with the fundamental 
properties of the phi-function. 

Lucy T. DouGHERTY, Secretary 


CRYPTOGRAPHY IN AN ALGEBRAIC ALPHABET 
By LESTER S. HILL, Hunter College 
1. The Bi-Operational Alphabet 


Let dp, a1, . . . , @3; denote any permutation of the letters of the English 
alphabet; and let us associate the letter a; with the integer 7. We define 
operations of modular addition and multiplication (modulo 26) over the alpha- 
bet as follows: a;+a;=a,, aa;=a,, where r is the remainder obtained upon 
dividing the integer 7+ 7 by the integer 26 and ¢ is the remainder obtained on 
dividing 7j by 26. The integers z and j may be the same or different. 

It is easy to verify the following salient propositions concerning the bi- 
operational alphabet thus set up: 

(1) Ifa, B, y are any letters of the alphabet, a +8 =B6+a, a8 =Ba,a+(6+y7) 
=(a+8)+y7, a(By) = (a8)y, a(B+y) 
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(2) There is exactly one “zero” letter, namely ao, characterized by the fact 
that the equation a+a)=a is satisfied whatever be the letter denoted by a. 
It should be observed that, by our definition of multiplication, if a denotes any 
letter of the alphabet, we have: =a. 

(3) Given any letter a, we can find exactly one letter 8, dependent upon a, 
such that a+8=do. We call 8 the “negative” of a, and write: B=—a. Evi- 
dently, if 8= —a, then alsoa= —8. 

(4) Given any letters a, 8 we can find exactly one letter y such thata+y¥y=8. 
We write: y=8—a. It is obvious that B—a=8+(—a); and also that if 
B—a=dp, then B=a. 

(5) Distinguishing the twelve letters, a:, a3, @5, @7, @9, G1, Gis, Aig, G21, 
23, 225, With subscripts prime to 26, as “primary” letters, we make this assertion, 
easily proved: If a is anv primary letter and £ is any letter, there is exactly one 
letter y for which ay=8. We write: y=8/a. Each primary letter a has the 
“reciprocal” a;/a, where a; is the “unit” letter; and the reciprocal is likewise 
primary. If @ is primary, we shall call the “fraction” 8/a “admissible.” A 
table of the letters represented by the twelve particular admissible fractions 
a,/a enables us, when used with the formula 8/a=8(a;/a), to find immediately 
the letter represented by any admissible fraction. 

(6) In any algebraic sum of terms, we may clearly omit terms of which the 
letter do is a factor; and we need not write the letter a, explicitly as a factor in 
any product. 

For the limited purposes of the present paper it will not be necessary to 
define exponential notations, etc. 


2. An Illustration 
Let the letters of the alphabet be associated with integers as follows: 
5 23 2 20 10 15 8 4 18 25 0 16 13 
noopars ys 
73119 6 12 24 21 17 14 22 11 9 
or, in another convenient formulation: 
0123456789 10 il 12 
kpcoharngzey s 


13 14 15 16 17 18 19 20 21 22 23 24 25 


j 
It will be seen that 


c+tx=t, jtwe= 


| 
= 
ll 
=a 
| 
Il 
2 
| 
Il 


an = 2, hm = k, cr=s, etc. 


| 


308 CRYPTOGRAPHY IN AN ALGEBRAIC ALPHABET [June, July, 


The zero letter is k, and the unit letter is p. The primary letters are: a bf j 
nopquvys. 

Since this particular alphabet will be used several times, in the illustration 
of further developments, we append the following table of negatives and re- 
ciprocals: 


Letter > 
Negative : 
Reciprocal : u v n j ab go 

The solution of the equation z+a=? is a=t—z, or a=t+(—z) =t+v=f. 
The system of two linear equations: 0oa+uB =x, na+i$ =q has the solution 


a=u, B=0, which may be obtained by the familiar method of elimination or 
by formula (see Section 4). 


3. Concerning Determinants in the Bi-Operational Alphabet 


The determinant 


G12 °° Ain 

den 
D= 

Ann 


where the a;; denote letters of the bi-operational alphabet defined in Section 1, 
has the same definition, and the same properties, as the corresponding ex- 
pression in ordinary algebra—except that additions and multiplications are, 
of course, effected in the modular sense. 

We note explicitly these properties: 


I. Let 6 denote the value of the m-th order determinant D; let M;; denote 
the value of the determinant of order n—1 obtained from D by striking out the 
row and column in which the element a;; lies; and let A;;= + M;;, the positive 
or negative sign being used according as the integer 1+7 is even or odd. Then 
each of the sums 


ity tj 
t=1 
has the value 6 if 7=j, and the value ap if * j. 

II. The value of D is not changed: (1) if rows and columns are interchanged; 
or (2) if to each element of any row (column) is added a times the corresponding 
element of another row (column), where a denotes any letter of the alphabet. 

III. The value of D is changed only in sign (1) if two rows (columns) are 
interchanged; or (2) if the signs of all elements in any row (column) are changed. 

IV. The value of D is not changed if the elements of any row (column) are 


| 

| 
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multiplied by any primary letter 8 and the elements of another row (column) 
by the reciprocal, a,/8, of 
We shall call D a “primary determinant” if its value is a primary letter. 
We shall not have to deal, in this paper, with determinants that are not primary. 
LeMMA: By means of properties II and III, we may obviously convert the 
determinant of n-th order; 


ay; ado do ado 
a a ao ao 

ale =a, 
ado ao 


into a variety of n-th order determinants, all of which have the value a, where a is 
any assigned letter of the alphabet. In ,J,, all elements, except those of the prin- 
cipal diagonal, are equal to the zero letter ay; and all elements of that diagonal, 
except the last, are equal to the unit letter a. 

We have only to make a a primary letter if we wish to set up with great 
ease a wide variety of n-th order primary determinants. 


4. Normal Transformations and Polygraphic Cipher Systems 
The determinant D, of n-th order, which was written out in Section 3, fixes 
the linear transformation with coefficients a;;: 
Vi = + + + Gintn, 


Vo = da1%1 + + +++ + donXn, 


(T) 


Vn = Ani + An2X2 + + AnnXn- 


We call D the determinant of the transformation 7; and we say that JT is a 
“normal” transformation if its determinant is primary. 

THEOREM: A normal transformation T has an unique inverse T—', of which 
the equations are: 


*,=D/D(ii= 532; n), 


where D denotes the value of the determinant of T, and D; denotes the value of the 
determinant obtained therefrom by replacing a;; by y;(j=1,2, . . . ,m). Moreover, 
T is the inverse of 7-!. The values of the determinants of T and T~! are 
reciprocals (see Section 1), and therefore 7 is a normal transformation. 


1 By means of II, III, 1V, any assigned determinant which is of the mth order and whose value 
is any primary letter a can be obtained from nla. 


= 
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Given any pair of inverse normal transformations JT and 7~-! in our bi- 
operational alphabet, we have a device which may be applied (1) to convert 
any message sequence of m letters into a corresponding cipher sequence of n 
letters, and (2) to convert the cipher sequence back into the message sequence 
from which it came. In other words, we have all the apparatus of an extra- 
ordinarily effective polygraphic (n-graphic) cipher system. We may regard 
. . X_, as the message sequence, and determine the cipher sequence 

- yn by means of 7, using 7~! for decipherment; or we may encipher with 
T-! and decipher with 7, treating yi:yo--- yn as the message sequence and 
X\X_2* + +X, as the cipher sequence. In either case, we begin by writing the 
message in sequences of n letters, as will be illustrated in Section 5. 

A polygraphic cipher consisting of the inverse normal transformation of 
the literal sequences x;, yi(¢=1, 2,..., ) may suitably be called a linear 
cipher of order n, and designated as a C,. 


5. Illustration of Linear Ciphers 
Let us employ the particular bi-operational alphabet considered in Section 2. 
EXAMPLE 1: Toconstruct and apply a cipher of type C;. 
Selecting any primary letter, say y, we can immediately obtain from 


Pp k 
sy=|k p ki=y 
& 


a host of different primary determinants all of which have the value y, as pointed 
out in the Lemma in Section 3. One of these is the determinant 


y k oO 
z 
» 


of the normal transformation, 


yi = yx + oxs, 


Yo = 24, + XX, 


= 7X, + nx, + 
of which the inverse, 
(Tr!) = xy, + + dys, 
= + nye + 
= fyi t qye t+ xys, 


is easily found. It will be observed that the values of the determinants of 7; 
and 7,-' are y and q respectively, and that these letters are reciprocals. 
Let the message to be enciphered consist of the word Mississippi. Writing 


1929] CRYPTOGRAPHY IN AN ALGEBRAIC ALPHABET 311 


this message in 3-letter sequences, and filling the last sequence with any pre- 
arranged letter, say k, we have: 
mis sis stp pik. 

Substituting m 7s for x:xex3 in T,, we find b q ¢ for yiyeys, thus converting the 
message sequence m 7 s into the cipher sequence b g ¢. Proceeding in like man- 
ner with the other message sequences, we obtain as the enciphered form of our 
message: bqt sei aep yfc. Weshould probably send it in the customary 
five-letter grouping: bgtse iaepy fe. 

To decipher, we substitute ¢ for y:yoy3in obtaining m 7 s for 
Proceeding in the same way with the other cipher sequences, we regain the 
entire original message. 

EXAMPLE 2: To construct and apply a cipher of type C,. 

Choosing any primary letter, say 7, we may construct from 


lj = =j 


an enormous number of different primary determinants all of which have the 
value j7. One of these is the determinant of the normal transformation: 


Vi = gXi + + 2x3 + 
Yo = 1X, + 2X2 + + 
(T2) 
Ys = + + + 2x4, 
Ya = CX, + yx3 + hea, 
the inverse of which is easily found to be: 
= by, + + ays + 
x2 = t yy2 t+ tys + 
v3 = cyitdyet+rys+ jy, 
= fyi t+ + + 


We note that the determinants of 7, and 7,1 have the reciprocal values 7 and 
j, the letter 7 being its own reciprocal. 
Let the message to be enciphered be Delay operations. Write it in the form: 


dela yope rati onsu, 


filling the last sequence with any prearranged letter, say u. Substituting 
dela for x:x2x3x, in T2, we find j c o w as the corresponding cipher sequence 
Viy2¥3¥4. Proceeding in this manner, we find the enciphered form of our message 
to be: 

jceow dvle qmxc. 


To decipher, we substitute j c o w for yryeysy4 in Ts}, etc. 
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6. Concluding Remarks 


A great many other cryptographic constructions can, of course, be derived 
from the algebra, by no means fully developed in this paper, of the bi-opera- 
tional alphabet. The purpose of the paper, however, will have been accom- 
plished if the single construction described serves to emphasize sufficiently the 
circumstance that sets which fail to possess in full the character of algebraic 
fields may still admit a large measure of amusing, and possibly useful, alge- 
braic manipulation. It need hardly be said that if full-fledged finite algebraic 
fields are employed, the opportunities of the cryptographer are greatly extended; 
he then has at his disposal a perfectly smooth algebra and its associated geome- 
tries. The writer hopes to submit a further communication on this subject. 
But the number of marks in a finite field is necessarily either a prime or a power 
of a prime. If our alphabet is to be converted into a finite field, the best that 
can be done is to omit one letter, say j, to obtain a field of twenty-five marks; 
or to adjoin an additional symbol so that a field of twenty-seven marks is avail- 
able. The bi-operational alphabet! of twenty-six letters, and the further de- 
velopment of its algebra, should therefore be of some importance in crypto- 
graphy. 

If polygraphic ciphers based upon normal transformations (linear ciphers) 
prove to be of real interest, we shall indicate a surprising way in which these 
ciphers may be manipulated easily and quickly, even for fairly large values of 
n(say n=8, 9, or 10), and thus made effective in a distinctly practical sense. 
It should be remarked that a cipher of type C, in which n>4, although easy 
to use, is extraordinarily difficult to “break,” offering very high resistance to 
the methods of cryptanalysis. 


THE LIFE INSURANCE ACTUARY AND HIS MATHEMATICS? 
By RAYMOND V. CARPENTER, Metropolitan Life Insurance Co. 


It is estimated that the amount of life insurance in force in United States 
companies at the end of 1928 is about $95,000,000,000. The assets are about 
$16,000,000,000 and the premium collections in 1928 were over $3,000,000,000. 

The employed personnel of a life insurance company consist of the field 
or agency force and the home office force. An important part of the home 
office force is the actuarial department. 

The actuary has a wide range of duties. He must be reasonably familiar 
with the work of all departments of the company, and is sometimes called its 
“technical” man. His two main duties are, first, the calculation of the premiums 


1 The bi-operational alphabet employed in this paper is an example of a “ring.” See the 
Bulletin of the National Research Council, Report on Algebraic Numbers, p. 59. 

2 This paper was read by invitation before the Mathematical Association of America at New 
York City on Dec. 29, 1928. 
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charged, according to plan of insurance and age, and second, the calculation of 
the reserves that must be held by the company to provide, with the aid of future 
premiums and interest earnings, for future obligations, which reserves must be 
covered by safe interest-earning assets. The $95,000,000,000 of insurance 
in force is mainly the result of solicitation by the agency forces, but for the 
sufficiency of the $3,000,000,000 yearly premiums and of the $16,000,000,000 
of assets the actuaries are mainly responsible. 


Bases of Calculation of Premiums and Reserves 


In the calculation of premiums and reserves, the actuary must deal mainly 
with two factors, namely, the rates of mortality (death rates) according to age 
and the rate of compound interest. He must assume in his calculations a 
mortality table showing death rates which it seems safe to assume will not be 
exceeded and a rate of interest (usually 3 or 33 per cent.) on which he can safely 
rely. The necessity for conservatism in selecting these standards will be realized 
when it is considered that once a policy is issued, the premium is fixed for all 
time—perhaps for fifty years or more—and cannot be increased, even though it 
prove insufficient. In this respect life insurance differs from the usual commer- 
cial enterprise, where contracts are of short durations and prices can readily be 
changed. 

A third factor entering into the calculation of premiums is that of manage- 
ment expenses and commissions. It is taken care of, however, by an additional 
charge termed the “loading,” the calculation of which is usually relatively 
simple. The premium inclusive of loading is called the “gross” premium; ex- 
clusive of loading, the “net” premium. 

Mortality and compound interest, then, are the two factors upon which 
most of the calculations in actuarial science depend. The combination of these 
two factors to meet various contingencies results in innumerable formulae, 
which become fairly complex when the probabilities of survivorship of more 
than one life are involved, as frequently happens. 


Efforts to Discover A “Law of Mortality” 


Various attempts have been made to discover a definite law of mortality. 
Benjamin Gompertz, about one hundred years ago, proposed “that death may 
be the consequence of two generally coexisting causes; the one, chance, without 
previous disposition to death or deterioration; the other, a deterioration, or 
increased inability to withstand destruction.” In 1860, Makeham developed 
this theory to the point of obtaining the expression ],=ks*(g)**, where x is the 
age, and 7 the number of lives in a given group of entrants which survive to 
age x, the other four symbols being constants. Makeham’s law applies, with 
remarkable closeness, to many mortality tables from about age 20 to the end of 
life, and while it is not considered a true law of mortality, it forms a favorite 
basis for graduation of mortality tables, for the two reasons, first, that it 
affords a satisfactory method for continuing a mortality table through the 
late ages of life, where actual data are meagre, and second, that the special 
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properties of a table so graduated make it readily adaptable to the calcuation 
of many life insurance benefits involving more than one life. In 1924, W. P. 
Elderton presented a paper at the International Mathematical Congress at 
Toronto making certain suggestions as to the application of frequency curves 
to mortality experiences, but did not arrive at a definite “law of mortality.” 

It is usually conceded, then, that there is no true “law of mortality,” and 
actuaries are generally agreed that the only way to obtain a reliable mortality 
table is to construct it from the actual record of the deaths and the number 
living among persons of the class to which the mortality table is applicable. 
For it must be remembered that mortality rates differ among different classes of 
persons. For example, persons insured under policies known as “industrial,” 
which are for relatively small amounts, with premiums payable weekly, exper- 
ience much higher rates of mortality than persons whose better economic condi- 
tions permit them to insure under so-called “ordinary” policies for higher 
amounts. Mortality tables based on insured lives differ from those based upon 
general population data. The selection of a proper mortality table to apply to 
a given class of risks is one of the problems of the actuary. 


Elementary Principles 


The more elementary calculations of actuarial science are set forth in 
several text books, such as the late Professor Dowling’s Mathematics of Life In- 
surance. The more advanced calculations may be found in the two standard 
text-books—both in English—which are in universal use among English-speak- 
ing actuarial students, namely, Spurgeon’s Life Contingencies, and Actuarial 
Theory by Robertson and Ross, and in various publications of the actuarial 
societies of America and Great Britain. For the study of compound interest, 
the (British) Institute of Actuaries’ Text Book, Part I, by Todhunter, is a stan- 
dard. 

Time will not permit a discussion of the formulae used for the calculation of 
premiums. It will be sufficient to say that if we assume for convenience that 
premiums are payable at the beginning of each year and claims at the end of the 
year (which assumptions can be appropriately modified), and if we let v equal 
the present value of 1 due in one year, then the net single premium for a life 
aged x for insurance of 1 for the whole of life is 


(vd, + +--+ to end of table)//, ; 


that .the present value of an annuity of 1 payable at the beginning of each 
year throughout life is 


(le + + to end of table)//, ; 


and that the net annual premium is the net single premium divided by the 
present value of the annuity. This general principle, suitably modified, under- 
lies the calculation of premiums and annuity values generally. 

It might also be mentioned that by the simple algebraic device of multi- 
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plying numerator and denominator in the foregoing expressions by v? we 
obtain a series of terms in which the exponents of v bear a constant relation, 
at all ages, to the subscripts of d and /, thus enabling us to avoid the large 
number of combinations that would otherwise occur, and to construct so- 
called “commutation columns” which greatly facilitate life insurance calcu- 
lations. 


“Select” Mortality Tables 


Because of careful selection, medical or otherwise, insured persons usually 
show especially favorable mortality during the first few years of the policy. 
Hence so-called “select” tables are sometimes used. These consist of several “” 
columns—the first column representing the number of persons entering the 
table at each age at the beginning of the insurance, the second column the 
number of them surviving one year, and so on. At theend of the “select” period, 
say five years, the various /’s merge into a common “ultimate” table. 


Reserves 


The annual rate of mortality is very high in the first year of life. Then it 
decreases rapidly until about age 12. Thereafter it increases until it becomes 
very high at the older ages. If a group of persons each aged twenty became 
insured on the plan of simply paying the current mortality cost each year the 
premiums would be very low at first, but would increase each year, and in the 
later years would be very high. For this reason people prefer to pay premiums 
which will remain level throughout the period of the policy, except as the cost 
may be reduced by dividends. It is the level premium plan which, in the main, 
gives rise to the very large reserves that must be carried by life insurance com- 
panies and therefore to the huge volume of assets. Under the level premium 
plan, it is evident that in the early years of the policy the premiums largely ex- 
ceed the current mortality cost, and that this excess will be needed in later years 
when the mortality costs exceed the premiums. The excess, with interest accre- 
tions, must therefore be held as a “reserve.” Endowment features and plans 
under which payment of premiums is limited to a specified number of years, 
naturally require larger reserves than whole life policies. The laws of the several 
States fix the standards of mortality and interest on which the reserves must be 
based. 


Disability Benefits 


In recent years life insurance companies have been offering policies which 
provide not only for payment of insurance at death, but for certain benefits in 
event of the so-called “total and permanent disability” of the person insured. A 
common disability benefit is the waiver of the premiums and payment of a 
monthly income during the continuance of disability, without deduction from 
the life insurance benefit. In computing premiums and reserves under such 
policies the actuary meets added complications, for he must base his calculations 
upon a combined mortality and disability table, showing for each age (1) the 
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rate of mortality among active lives (i.e., those not disabled), (2) the rate of 
disability, and (3) the rate of mortality among “disabled” lives. If the disability 
benefit is such that recoveries from disability are frequent, then adjustment is 
needed for the recoveries. 

Actuarial Societies 


Naturally, actuaries have formed societies for the purposes of better ac- 
quaintance with one another and the interchange of ideas. The principal soci- 
eties in Great Britain and America are the Institute of Actuaries of Great 
Britain, organized in 1848, the Faculty of Actuaries in Scotland (1856), the 
Actuarial Society of America (1889) and the American Institute of Actuaries 
(1909), the last being rather more closely identified with the western and 
southern companies, than the Actuarial Society, although its membership also 
includes many eastern actuaries. Many actuaries are members of both of the 
American societies. Both have many members from Canada. There is also the 
Casualty Actuarial Society, in America, which, however, is associated with 
casualty insurance more than life insurance. 

These societies hold regular meetings for the presentation and discussion 
of papers, which are printed in their published transactions, and for the informal 
discussion of topics of current interest. Through committees they cooperate in 
compiling, from the joint experience of the various companies, tables of rates 
of mortality for standard lives or for various special classes of lives, especially 
those showing certain impairments. Occasionally they publish text books or 
reports on subjects of current interest. They hold annual examinations open to 
properly qualified actuarial students, and the passage of these examinations 
entitles the candidates to membership in the society. The great majority of 
present members have entered through examination. 


Actuarial Examinations 


The success of the actuarial student in his work, up to a certain point, 
is largely dependent upon passage of prescribed examinations, of which a brief 
description may be of interest. The subjects in the two American societies are 
quite similar—in fact, the examinations of the first two days will be identical 
next year. It will therefore be sufficient to treat of the Actuarial Society. 

There are two grades of membership, Associateship and Fellowship. Candi- 
dates must be proposed by a Fellow and approved by the Society. The exam- 
inations are held in April, at a number of centers convenient for the candidates. 
The examinations for Associateship occupy four days—that is, two each year— 
but not more than two days’ examinations may be taken in one single year. 
The examinations for Fellowship consist of two parts, and one or both may 
be taken in a single year. One can become an Associate, therefore, in a mini- 
mum of two years and a Fellow in three. Rarely, however, do students pass all 
of the examinations within the three years. 

The first day’s examinations for Associateship embrace arithmetic, elemen- 
tary algebra, plane geometry, plane and spherical trigonometry and plane ana- 
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lytical geometry. The subjects for the second day are advanced algebra and the 
elements of the theory of probabilities, differential and integral calculus, the 
calculus of finite differences, and statistics. Thus far life insurance itself has not 
been touched. The third days’s examinations include the subjects compound 
interest and annuities certain, the mortality table and its application, and the 
theory of life contingencies for one life only, including calculation of net 
premiums and reserves. The fourth day’s examinations—the final for Associate- 
ship—cover the theory of life contingencies for more than one life, the use of 
tables involving more than one decrement, such as death and disability, calcu- 
lations relating to such accident and disability benefits as are included in life 
policies, construction of actuarial tables, general nature of life insurance and 
annuity contracts, including statutory requirements, and the history of life 
insurance. 

The examinations for Fellowshipcover a wide range of subjects, both theoret- 
ical and practical. The subjects include the principles to be observed in making 
mortality and disability investigations and the methods of constructing and 
graduating such tables; the sources and characteristics of the principal mortality 
and disability tables and investigations; selection of risks and premiums for 
extra hazards, calculation of gross premiums; valuation of the assets and 
liabilities of life insurance companies; non-forfeiture values and changes in life 
insurance contracts; analysis and distribution of surplus; investment of 
life insurance funds; elements of banking and finance; insurance law; pension 
funds; general questions involving the application of actuarial principles; and 
current topics of actuarial interest. 

To guide students in their studies, each of the American societies has an 
“Educational Committee,” which publishes, for the guidance of students, a 
suggested course of reading in preparation for each of the examinations. Stu- 
dents and others interested can obtain information relative to actuarial 
examinations from the Secretary of the Actuarial Society at 256 Broadway 
New York City, or from the Secretary of the American Institute of Actuaries 
at 720 North Michigan Avenue, Chicago, Illinois. 


Practical Work of the Actuary 


The work of the actuary can be partially judged from the subjects of the 
examinations. His most important duty, as previously stated, is the calculation 
of premiums and reserves. The solvency of the company, at present and in the 
distant future, is largely dependent upon him. He has a large part in the prepar- 
ation of the annual statements required by the Insurance Departments of the 
several States, including the highly analytical “gain and loss” exhibits, which 
analyze the gain or loss in surplus from such sources as mortality, interest, ex- 
pense provisions, etc. In a mutual company, he assists in determining the total 
amount of so-called dividends (more properly, savings) which can be returned 
each year to policyholders and calculates the amounts that can equitably be 
returned to each class of policyholders, according to age, plan of insurance, and 
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duration of policy, using formulae which aim to allot the dividends in proportion 
to the share of surplus contributed by the respective classes. He calculates prac- 
tically all of the data appearing in the rate book, including not only premiums 
but cash surrender and other non-forfeiture values. He fixes the terms under 
which policies may be changed from one form to another or otherwise adjusted. 
He cooperates with the legal department in the drafting of policy forms and 
in keeping in touch with current legislation; with the medical directors in fixing 
rules for the acceptance of various classes of risks involving additional risk by 
reason of occupation or impaired conditions of health, and with the agency 
department in fixing the compensation of agents. The investment department 
may call upon him for calculations relating to securities of a complicated or 
unusual nature. He carefully watches the mortality and disability rates exper- 
ienced by his company. Either in his own company, or in cooperation with 
actuaries of other companies, he occasionally conducts mortality investigations 
relating to special classes of risks, or engages in the construction and graduation 
of new mortality tables. He may be called upon to devise plans for pensions. 
He must keep in touch with current developments in insurance. The list of his 
activities might be extended almost indefinitely, for he is constantly considering 
new problems of very great variety which arise in the business. On the whole he 
and his assistants are kept fairly busy. Most of his time is taken up in work of a 
very practical nature, and it must be confessed that he must often rely upon his 
assistants for the more complicated and laborious mathematical calculations 
required. 

In most of their everyday work the actuary and his assistants employ no 
mathematics beyond relatively simple algebra and its application to insurance. 
Sometimes, however, as in complicated problems requiring the use of summation 
or interpolation formulae or in graduation, more advanced mathematics are 
needed. Always, however, the actuaries must have the capacity for analysis 
and must have an instinctivesense of proportion. 


Preparation for Examinations 


While most men with actuarial training are associated with life insurance 
companies, there are other opportunities. The various State Insurance Depart- 
ments usually employ one or more actuarially trained men. Some actuaries, not 
connected wth any company, open offices of their own or enter into partnership 
as “consulting actuaries.” Women are gradually entering the actuarial field. 

Most of the preparation for actuarial examinations is done by the candi- 
dates while employed in company or other insurance work. Employees of the 
actuarial departments of the companies are increasingly being recruited from 
universities and colleges, efforts being made to select students with rather more 
than average mathematical talent. The man, however, who is purely a mathe- 
matical genius, and is not practical, will not develop into a successful actuary. 
Most of the students entering the companies have not prepared specifically 
for the actuarial examinations prior to graduation, but their mathematical 
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groundwork is helpful, and in fact almost essential. A number of students do 
undertake the early examinations while in college, and some are successful. 


Actuarial Science in Universities and Colleges 


While many universities and colleges offer insurance courses of various 
kinds, those making a serious effort to train students in actuarial science are few. 
A tabulation of the candidates who have recently passed the early examinations 
of the Actuarial Society and the American Institute of Actuaries while univer- 
sity students indicates that there are two universities in Canada, namely, Toron- 
to and Manitoba, and two in the Middle West, namely, Iowa and Michigan, 
which give serious attention to actuarial training, but none in the Eastern States. 
Columbia University, however, is successfully conducting correspondence cour- 
ses leading to the actuarial examinations, most of those enrolled being employees 
of insurance companies. 

Opportunities 


In the United States the university or college graduate is paid something 
like $1500 a year when he first enters a company for actuarial work. By the time 
he passes the Fellowship examinations, if he has the other qualifications 
needed, he should probably be able to command $3000 or $4000 yearly. After 
that his progress depends upon his individual ability and his opportunities. 

For a number of years in this country, the demand for capable men of 
actuarial training and practical experience has exceeded the supply. This is not 
so true in Canada, and in England and Scotland the case is the reverse. As a 
result, many of the actuarial officers of life insurance companies in the United 
States, including some of the leaders in actuarial achievement, have come from 
England, Scotland, and Canada. 


QUESTIONS AND DISCUSSIONS 
EpiTEp By H. E. BucHaNnan, Tulane University, New Orleans, La. 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


DISCUSSIONS 
I. ON THE RESOLUTION OF A FRACTION INTO PARTIAL FRACTIONS 
By W. C. BRENKE, University of Nebraska 


1. In this paper is explained a simple routine for obtaining the undetermined 
coefficients required to express a given fraction as a sum of partial fractions. It 
consists in applying Taylor’s expansion in such a way as to require a minimum 
of numerical calculation. The method is useful in the calculus of residues, since 
each coefficient is determined independently. 

Let the given fraction be ¢(x)/p(x), where p(x) is a polynomial containing 
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the factor (x—a)’, and ¢(«) is analytic about x=a. Then this factor will give 
rise to the sum of partial fractions: 


A; As A. 


x—a (x— a)? — 
To determine Ai, A2,---, A,, we first find the numerators of the partial 
fractions, 
x—a (x— a)? (x — a)? 


in the development of 1/p(x). These will be the first 7 terms in the expansion of 
f(x) =(x—a)"/p(x) in powers of x—a; and so we shall have 


= f\(a)/k! ; 


where the superscript indicates the kth derivative. 
Multiplying (2) by the Taylor’s expansion of ¢(x), we have 
(r—k—-1) (r—k) 


— k)! — k — 1)! (r — k):0! 

The calculation may now be reduced to a routine by forming a table of 
double entry in which the arguments at the top and side shall be the coefficients 
of the Taylor’s expansions of ¢(x) and f(x) respectively. The entries in the table 
are to be the products of the arguments, and the coefficients A, are to be ob- 
tained by summing these entries by diagonals. 

EXAMPLE: To find the coefficients in the ciegiun 


To find A;, k=1, 2, 3,4, we havea =2, r=4,6(x) —2x+1, f(x) =(x+3)-3. 


A, = 


Also, 
o(a) = 5, f(a) = 1/5°, 
¢’(a) = 10, = — 3/5, 
= 6, f"(a)/2 = 6/55, 
/6 = 1. f'"(a)/6 = — 10/55. 
We now form the following table, omitting the entries below the secondary 
diagonal: 
sip 5 10 6 | 1 
25 125 250 150 | 25 
—15 | —75 | —150 —90 | 
6 30 60 | 
| 


—2 | -10 | 
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Summing by diagonals and dividing by 55, we have: 


A, = — 15/58, As = 30/55, As = 175/55, Ag = 125/55. 
To find k=1, 2,3, wehavea= —3, r=3, (x) =x'—2x+1, f(x) =(x—2)—. 

5 — 100 125 — 45 
4 | — 80 100 
2 | — 40 

B, = 15/55, Bz = 45/55, B; = — 100/55. 


Thus we have: 


x?—2*+1 1 3 6 35 
25 3 9 20 . 


Every figure that needs to be set down in the course of the calculations is 
shown here. The saving in labor and time over the purely algebraic method is 
obvious. 

2. If the given fraction has in its denominator a quadratic factor with 
imaginary roots, and if a resolution into real fractions is desired, it will usually 
be much more expeditious to follow the plan of §1, and then to change to real 
form by uniting conjugate imaginary parts. 

EXAMPLE: To resolve the fraction, 


A B Ci 
=—+ 
xv k=1 


(*—5)* k=l 


x? — 2 


x(x? — 2x + 2)3 


Here the roots of x7—2x+2 are b=1-—12, and c=1-+447. 
Value of A: Takea=0, r=1, =x? —2, f(x) = (x? —2x+2)-. 
A = $(a)f(a) = — 1/4. 


Values of B,, Bo, B3,: Take r=3, $(x) =x?—2, f(x) =x 
Omitting some details of calculation, we find 


¢(a) = — 74), f(a) = (1 — 4/16, 
¢’(a) = — 4), = — (5 + 31/32, 
¢""(a)/2 = 1. f'"(a)/2 = (— 24+ 71)/32. 


Forming the table with the second set of numbers multiplied by 32, we have: 
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39 1 
2(1 — i) 2(1 — 3) 
| 443i ~ 


Values of Ci, C2, C3: These are evidently imaginaries conjugate to the values of 
Bo, Bs. 

The fraction is now resolved into seven partial fractions of which the last 
six form conjugate pairs. Hence if we let R(u) stand for the real part of the 
complex number uz, we have: 


x? — 2 + 2R| 1+ 21 1 | 
1 x— 3 — 2 


A(x? — 2x + 2) A(x? —2x+2)? 


The resolution by purely algebraic means would be extremely tedious in this 
case. It may be noted that the algebraic method would not give the form of 
result found above, inasmuch as it would give linear numerators in the last 
two fractions. These may be obtained by taking —1/[4(x?—2x+2)] from the 
second of our four fractions and adding it to the third, whose numerator would 
then be 4x—6. Then by taking (x—1)/[2(x?—2x+2)?] from this fraction and 
adding it to the fourth, its numerator would become 4x —4. 

3. The value of the definite integral, 


cos «dx 
0 (1 x?) ntl 
may be obtained from the contour integral 
¢ (1+ 


where the path of integration is the part of the axis of reals, -RSx<R, anda 
semicircle in the positive half-plane drawn with this part of the axis of reals as 
its base. The value of J is 77 times the residue at 7 of the integrand in J. To find 
this residue we calculate A, of §1, taking 


a=%t, r=n-+1, $(z) = f(z) = (z i)-*-1, 
We find immediately: 


1— 27 1+ 27 1 | 
B, = B, = 
8 8 4 
| 
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cos [+ 2(2n — 1)! 
0 


(1+ 22)"+1 Oln! 1m—1)! 


4. It may be useful to note here an interesting solution of the problem of 
resolving a given fraction published by Professor H. W. Turnbull.! If p(x) = 
(x—d1) (x—@2) - - - (x—a,), and $(x) isa polynomial of degree less than 
n, the solution for the case where no two of the factors of p(x) are equal is given 
by this ratio of two determinants: 


1 1 1 
ay, a2 an 
a? a? a? 
p(x 
(x) 
p(x) 
rere 


where A is formed from the numerator determinant by replacing the last row 
by a*;', a*z}, 

If a2 =a), replace the a2-column in both determinants by the first derivative 
with respect to a; of the a;-columns inthe respective determinants. If a;=a,.=q,, 
replace the a2-columns as above, and also replace the a3-columns by the second 
derivatives of the a;-columns, and so on. 


II. ON THE APPROXIMATE DIVISION OF A CIRCUMFERENCE 
By J. P. BALLANTINE, University of Washington 


In recent issues of this Monthly, R. A. Johnson,? and T. Dantzig* have taken 
up the question of dividing a given circumference into any number of equal 
parts. They showed how to construct in one case the length of the chord and 
in the other case the length of the arc of one of the resulting segments of the 
circumference. From a practical standpoint, however, it might be troublesome 
to apply this chord a large number of times around the circumference because 
of a cumulative error. To avoid this difficulty, we have devised the following 
construction which determines the individual vertices of the regular inscribed 
polygon. 

Let AOB be a diameter of the given circle with center at O. Let DOC bea 
line perpendicular to AOB, with D on the circumference and OC of length 
13 radii. With D as center sweep off a small arc ECF. 


1 Proceedings of the Edinburgh Mathematical Society, series 2, vol. 1 (1927), p. 49. 
2 Vol. 34 (1927), pp. 429-31. 
3 Vol. 35 (1928), pp. 185-87. 
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If Gis any point on AB, then a corresponding point on arc A DB is construc- 
ted as follows: Draw GH parallel to DC with H on arc ECF. Draw HI parallel 
to ABwith J on DC. Draw IG, and where it cuts arc ADB mark the point J, 
which is said to correspond to G on AB, 


E 


C 


If G takes on the positions Go=O, Gi, - +--+ , Gio=B, eleven equally spaced 
points, then J takes on eleven positions, Jo=D, Ji,-- +, Jio=B on the arc 
DB. To state how nearly equally spaced these latter points are, we show in 
tabular form the approximate value of the central angle DOJ;: 


DOJ; 


0.° 

9.0057° 
18.0078° 
27.0111° 
36.0154° 
45.0219° 
54.0262° 
63.0351° 
72.0330° 
81.0278°- 
90.° 


ow 


1 


To divide the arc ADB into any required number 
of equal parts, simply divide the diameter AOB 
into the required number of equal parts and find 
the corresponding points of the arc ADB. 

The present method has no theoretical interest, 
being entirely empirical. It was devised by dividing 
the arc ADB and the diameter AOB into the 
same number of equal parts, connecting the 
corresponding points, and studying the resulting 
family of lines. It was found that for G near O, 
and J near D, the length OJ is 1/(3m—1) = 1.75194. 
For Gand J near B, OJ = $a =1.57080. For the con- 
construction to give best results for G and J near B, 
OD should be 1.09890. For the construction to be 


exact when G is midway between O and B, OD should be 1.05869. 

We do not maintain that the decimals appearing above have any interest 
in themselves. The interesting point to our mind is that by rounding them off 
to OC =1.75 and OD =1, the resulting construction is at the same time simple 
and yet gives good values for a large range. We therefore suggest this method 
for the practical draftsman who does not worry about errors of the order of 
magnitude of the width of the lines he draws. 
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III. THE NUMBER OF ARITHMETICAL OPERATIONS INVOLVED IN THE SOLUTION 
OF A SYSTEM OF LINEAR Equations! 


By T. H. GRoNWALL, New York, N. Y. 


It is proposed to determine the number A, of additions (or subtractions), 
M, of multiplications, and D, of divisions which occur in the solution of a 
system of linear equations in » unknowns: 


(1) = (@=1,2,---, m), 
kat 


under the assumption that the determinant of the system is different from zero, 
so that there is a unique solution. 

This problem will be solved, first without assuming any special relations 
between the coefficients a, and then in the most important case in which there 
are such relations, namely the symmetrical case where a ;,=a,;. The problem is 
of some practical importance in numerical work when 7 is large, as is the case 
in the application of the direct methods of the calculus of variations, of which 
Ritz’s treatment of the elastic vibrations of a plate is a classical example.* 

On the other hand, the equations giving the stresses in statically indeter- 
minate structures require a much smaller number of arithmetical operations, 
since a large part of the coefficients vanish and there are highly special relations 
among the others. 

In the numerical solution of the system (1), the use of determinants may be 
ruled out at once, since determinants of high order are among the most un- 
pleasant objects to handle numerically. The best method appears to be that of 
substitution in the following form: Renumbering, if necessary, the equations 
(or the unknowns), we may assume a), +0, since otherwise the determinant of 
the a’s would contain a column (or a row) of zeros and vanish contrary to 
hypothesis. The first equation (1) then gives 


(2) — Lay 


and the substitution of this in the remaining equations gives the system in 
n—1 unknowns: 


n a b 
(3) - = (¢ = 2,3, » %). 
k=2 a1 
The divisions required to form equations (3) are a::/au(k=2, +--+ ,m) and b;/an, 


their number being m, and the formation and solution of (3) thus requires 


1 Presented to the American Mathematical Society, March 30, 1929. 

2 Walter Ritz, Uber eine neue Methode zur Lisung gewisser Variationsprobleme der mathe- 
matischen Physik, Journal fiir Mathematik, vol. 135 (1908), p. 1, and Theorie der Transversal- 
schwingungen einer quadratischen Platte mit freien Rindern, Annalen der Physik, (4) vol. 28 (1909), 
p. 737. 
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n+D,-: divisions, while the calculation of x; by (2) introduces no new division. 
Hence: 

(4) D, = n+ Dn. 


The multiplications required to form (3) are a: (aix/au) for 1, R=2, 3,---,n, 
in number, (m—1)?; and a: (b:/a1), in number, m —1; the solution of (3) requires 
M,-1, and the calculation of x; by (2) the m—1 multiplications (a);/a1:)x,, so that 


(5) M, = M,-1. 


In the above process, each multiplication is followed by an addition (or sub- 
traction), and consequently 


(6) My. 
We also note that for m =1, the system (1) reduces to ax; = Ji, so that 
(7) A, = M,=0, D, = 1. 


The integration of the difference equations (4) and (5) is immediately effected 
by the familiar formulas for the sums of the integers, and their squares, from 1 
to n, and the constants of integration are determined by (7). We thus obtain: 


An = M, = jn(m — 1)(2n 4+ 5), 
Da = 3n(n + 1). 
Passing to the symmetrical case, 


(9) Qik = Aki (¢,k =1,2,---,m), 


(8) 


we note that the divisions to be performed are the same as before, and that 
each multiplication is followed by an addition, so that (4), (6), and (7) remain 
unchanged. 

However, it follows at once from (9) that the coefficients to the left in (3) are 
also symmetrical, so that we have to calculate them only for 7<k, which reduces 
the number of multiplications ai: (@1./au) from (n—1)? to n(n—1)/2; the re- 
maining 2(m—1) multiplications are as before, so that (5) is replaced by 


(Sa) M,, = 3(n—1)(n+4) + Ma. 
The integration gives, in the same way as above, 
A, = M, = 3n(n — 1)(n +7), 
D, = 3n(n + 1). 


Thus the number of additions and multiplications is almost cut in half by the 
symmetry of the coefficients. 

The solution of (1) by substitution may of course be effected in other ways 
than the one described, but all modifications attempted thus far have increased 
the total number of operations. 


(8a) 


i 

| 
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For instance, (2) and (3) may be replaced by 


(10) = — — — AinXn, 
n 

(11) — 1044) = A110; — aids, 
km? 


and the recurrence formulas now become, in the general case. 
D, =1 + Dut; 
A, = — 1+ Aa, 


M,, = (m — 1)(2n + 1) + My_1, 
whence 


A, = tn(n — 1)(2n + 5), 
(12) M,, = 3n(n — 1)(4n+ 7), 
Dz, = Nn. 


In the symmetrical case, these expressions are replaced by 


An = tn(n — 1)(n+ 7), 
(12a) M,, = §n(n — 1)(2n + 11), 
D, =n. 


The choice of method for solving (1) may be influenced by the type of calculat- 
ing machine used; with a machine with automatic division, the first method is 
preferable, while with a machine such as the “Millionaire,” where division is 
cumbersome but multiplication extremely rapid, the second method may have 
its advantages. 


IV. SIMPLIFICATION OF AN ANNUITY FORMULA 


By C. C. Wy ig, University of Iowa 


Consider an investor who receives a nominal annual interest rate per year, 
j,b payments of total amount R per year, and interest converted m times per year 
The amount S of this annuity at the end of years is given by the expression,! 


(1) S=R 


If p is a multiple of m, this expression reduces by well known methods to the 
form 


1 Rietz, Crathorne, and Rietz, Mathematics of Finance, p. 37. (The notation has been modified 
slightly.) 
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(2) 


m 


» 


where K is the payment per period. 

In this Monthly! for last August-September, Professor W. L. Hart gives the 
values of p/m (p in his notation) which he considers usual in problems in the 
application of annuities. For all of these p/m is an integer or m/p is an integer. 
For p/m (Professor Hart’s p) an integer, formula (2) is a standard method of 
solution. The quantity sein) is taken from the Sf table and the quantity 
Sm is taken from the Sj table, both for the interest rate j/m. Teachers in well 
equipped schools will no doubt prefer to multiply the four numbers of equation 
(2) on a calculating machine to obtain S; but they should keep in mind that 
many of their students will have occasion to solve these problems without 
such conveniences. If no calculating machine is at hand, the logarithms, instead 
of the numerical values, of the quantities sein and 5S; can be taken from 
the table. Looking up also log p/m and log K, the addition of the four log- 
arithms gives log S. 

For the other common case, m/p an integer, Professor Hart suggests that 
the tables be extended to include “all the usual fractional as well as integral 
values of p.” The extension has since been published by him, and formula (2) 
or its equivalent can now be used for most problems of this type. This case is, 
however, solved quite easily in another way, using only the standard Sj, 
tables. Here, as we have seen, m/p is an integer, and if the method by which 
formula (1) was reduced to formula (2) is applied, one obtains? 


mn| 

S= (3) 


where the quantities S,,;, and S;7| are taken from the Sj) tables for the rate 
j/m. As stated, formula (3) involves a division, but this can be avoided if 
desired by using the tables for 1/5; ; S is then obtained by a simple multiplica- 
tion of three numbers. There is, however, some loss of accuracy in the reciprocal 
tables. 

Professor Hart illustrates his method by two problems, which are, however, 
not solved. For the first problem, j/m=0.005, m/p=6, mn=66, K =$100. 
Let us solve first by formula (2) and the new tables. 


S = 1/6 X $100 X 0.98757273 X 77.96497215 = $1283.27. 


By formula (3) the solution is S=$100X (1/53) XS for the rate 0.005. 
Substituting from Glover’s tables 


S = $100 X 0.16459546 XK 77.96497215 = $1283.27. 


1 Vol. 35 (1928), pp. 358-60. 
2 See W. L. Hart, Mathematics of Investment, supplementary note on page 51. 
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The 1/5S;, tables are amply accurate for the solution of this problem. The 
arithmetical work is little different, except that formula (2) includes a division 
by 6. 

: The examples were, according to Professor Hart, to illustrate “problems 
with data chosen as inconveniently as possible.” The second problem cannot 
be evaluated using formula (2) and the new tables. The data are j/m=0.02, 
m/p=12, mn=144, and K=$5000. For this value of j/m, the new tables do 
not include p=1/12, and the usual S;; tables do not extend to »=144. For- 
mula (3) avoids the first difficulty; to meet the second, the substitution Sig 
= Sy {(1+2)"+1} can be made. Substituting the data of this problem in 
formula (3) we have, therefore, 


= $5000 = Siz) X { (1.02) + 1} + Sij for rate 0.02. 
By Glover’s tables, 
S = $5000 X 158.05701875 X 5.16114038 + 13.41208973 = $304,111.62. 


The tables for 1/S;; were not used in the solution of this problem because 
1/Sjj is given to only seven significant figures, and the result for S, assuming 
it is desired to the nearest cent, requires eight. 

The practice of the writer has been to advise that, in general, students sub- 
stitute the numerical data of the problem in formula (1). If m/p is an integer, 
the problem is obviously solved as suggested in this paper, using only the Sj, 
tables. If p/m is an integer, it is solved by formula (2), and the use of the Ss? 
tables, in addition to the Sj, tables. Formula (1) is regarded as fundamental, 
and solved in the form of (2), or (3), as appears most convenient. The students 
are also supposed to notice that, as is stated by Professor Hart, for many 
problems formula (1) assumes a simpler form if the payment interval, rather 
than the year, is used as the unit. 
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Functions of Real Variables. By E. J. Townsend. Henry Holt and Company, 

New York, 1928. ix+405 pages. 

The present volume is a companion volume to the author’s well-known 
text on the Functions of a Complex Variable. According to the author it is 
based upon a course in “real variables” given at the University of Illinois, the 
purpose of which is “to discuss those topics which will enable the student to 
have a better grasp and understanding of the fundamental principles of the 
calculus of real variables and know something of the more recent developments 
of this branch of analysis.” The books in the English language which have been 
written with this purpose in view are few indeed, and not all of these are usable 
by the beginner on account of generality of treatment. Undoubtedly the work 
under review will be welcomed by teachers and students alike. 

As a basis for the theory of functions of real variables, the author has given 
in Chapter I a short and very readable account of the real number system. The 
two definitions of irrational number given by Cantor and Dedekind are ex- 
plained and shown to be equivalent, and the fundamental operations are de- 
fined for the system of real numbers. The geometric interpretation of real 
numbers is then taken up. By means of the axiom of Archimedes and the 
axiom of continuity, a one-to-one correspondence is established between the 
totality of real numbers and the totality of points of a straight line, and thus 
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is suggested the possibility of a geometric interpretation of the problems of 
analysis. A brief article on the base of a system of notation concludes the 
chapter. 

Chapter II, which is devoted to the theory of point sets, is an outstanding 
feature of the book and one that will appeal to many. Here is given a systematic 
account of linear point sets in-so-far as point sets constitute a tool in the sub- 
sequent developments. Attention is called to the validity of some of the theo- 
rems for two-dimensional space, and a very short article on non-linear sets is 
given. The Heine-Borel theorem is proved for linear sets and its planar gen- 
eralization is stated. A brief account of Jordan measure is followed bya dis- ° 
cussion of Lebesgue measure and the proofs of some important theorems on 
measurable sets. 

Chapter III deals with the continuity and discontinuity of functions. In 
addition to a treatment of the laws of operations with limits and the properties 
of continuous functions of one and of two variables, the notion of absolute con- 
tinuity is introduced and illustrated, and semi-continuous functions receive 
some consideration. The chapter concludes with a long article on discontinuous 
functions which includes an account of Baire’s classification of functions. 

Derivatives and their properties form the subject matter of Chapter IV. 
A method of constructing the successive approximations to a curve which is 
continuous in a given interval, but which has no definite direction at any point, 
is followed by a treatment of the properties of derivatives and derivative num- 
bers. Partial derivatives and their properties, total differentiability, and the 
interchange of the order of differentiation are discussed. 

Chapter V contains an account of the Riemann theory of integration. 
Properties of infinite integrals and the manner of convergence of such integrals 
receive consideration. In Chapter VI the Lebesgue integral is discussed and 
compared with the Riemann integral. At the end of this chapter the reader’s 
attention is called to several other theories of integration. The integrals of 
Stieltjes and Hellinger are defined and Denjoy’s generalization of the Lebesgue 
integral is treated briefly. Some indication is also given of the nature of the 
integrals of Perron, Borel, Young, and Pierpont. This is one of many instances 
in which the author leads the reader to a point from which considerable terri- 
tory can be seen dimly and then supplies him with road maps in the form of a 
few select references. 

Chapter VII deals with infinite series. An article on the laws of operation 
with series is followed by a discussion of uniform convergence, which is il- 
lustrated by means of several interesting geometric figures. Simply-uniform 
convergence and quasi-uniform convergence are also treated. The Hankel and 
Cantor methods of condensation of singularities are illustrated. A brief but 
interesting introduction to divergent series concludes the volume. 

The book is elementary in style and presupposes only a “year’s course in 
calculus and perhaps an elementary course in differential equations or a course 
in advanced calculus.” The author has been careful to refrain from generalizing 
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the treatment. However, here and there is pointed out the possibility of ex- 
tending the theory to functions defined for a set of points or to functions of 
several variables. Undoubtedly thus restricting the treatment will better 
serve to realize the author’s purpose as stated above. 

The value of the work as a text-book is enhanced by numerous illustrative 
examples, by a select list of problems at the end of each chapter, and by well- 
drawn geometric figures and good general appearance. The manner in which the 
book is written with its not infrequent statement of more general results with 
appropriate references constitutes an invitation to the reader to delve more 
deeply into the subject. 

ALBERT W. RAAB 


Partielle Differentialgleichungen. By Dr. G. Hoheisel. Sammlung Géschen, 

Leipzig and Berlin, Walter de Gruyter & Co., 1928. 159 pages. 

This little book contains an excellent treatment of a large amount of 
material. The order of presentation is: The differential equation of the first 
order with two independent variables, the differential equation of the first order 
with m independent variables, systems of equations, the differential equation 
of the second order with two independent variables. The methods of involu- 
tions, characteristics, and transformations are discussed for the systems con- 
sidered. The author also considers solution manifolds and boundary conditions 
in the form of given curves on the integral surfaces. 

An outstanding feature of the presentation is the effort that is made to state 
the exact mathematical conditions under which the methods and proofs are 
valid. This is especially gratifying when one notes that many of the past and 
present writers on partial differential equations do little more than to give 
formal developments of methods of treatment. However, the book under re- 
view is not entirely immune to this criticism, as is seen by examining page 15. 
Extensive use is there made of the boundedness of f,(x, y) for each x in a neigh- 
borhood of x» and for all real values of y, yet there is nothing in the text to 
point out this requirement. 

The author is quite careful to recall useful theorems of analysis. Pages 
9-13 summarize important properties of Jacobians and give implicit function 
theorems. 

The book contains a collection of material that is not readily available and 
I am sure that it will prove a valuable addition to the private libraries of many 
mathematicians. 

WILLIAM M. WHYBURN 


New Analytic Geometry. By Percey F. Smith, Arthur Sullivan Gale, and John 
Haven Neelley. Ginn and Co., Boston, 1928. x+326 pages. 

Analytic Geometry. By R. L. Borger. The McGraw-Hill Book Co., New York, 
1928. xii+334 pages. 
The first-named book, which is a revision of the New Analytic Geometry 
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by Smith and Gale published in 1912, opens with a statement of such formulae 
and tables from elementary mathematics as the student will need. The other 
book does not contain such formulae and tables. The print in the Smith- 
Gale-Neelley book is such as to make important statements, conclusions, and 
theorems stand out more distinctly than in Borger’s book. Incidentally, in 
the book by Borger, the important discussion (pp. 145, 146) of the significant 
relation between the nature of the roots of a quadratic and the solvability by 
means of ruler and compasses, and the relation between the nature of the 
cubic and the possibility of the trisection of an angle can not be located by 
means of the alphabetical index. When we observe that this index is the more 
complete of the two it is perhaps evident that we need more complete alpha- 
hetical indices in some of our mathematical books. 

The content as well as the order of topics and the nature of their treatment 
in the Smith-Gale-Neelley book is such as one would expect in a traditional 
textbook. In general the statement of the theorem is followed by its demon- 
stration, then by drill exercises and problems—a deductive procedure. The book 
by Borger is less rigorously logical and more psychological in its treatment. It 
is to be hoped that a number of our mathematics books in the lower division 
will be written more from the point of view from which the student will attack 
his problems in later life. Outside the class-room walls the student’s work 
will usually be a more inductive procedure than the rigorously deductive 
method of some of our books, elegant as the latter may be. It is to be hoped 
also that our authors may show how a knowledge of analytic geometry is 
applicable in activities of life. 

One good feature among others in the Smith-Gale-Neelley text is the 
placing of groups of difficult problems at the close of a number of the sets of 
problems. These are intended to challenge the mettle and ability of the stronger 
students. While the Borger book has sufficiently difficult problems to stimulate 
the brilliant students, such problems are not grouped separately. A better plan 
than to group such more difficult problems separately would perhaps be to 
leave the various difficult problems among the rest of their kind, but to mark 
them with asterisks. 

The discussions of problems and solutions are very good in both books, 
those in the book by Borger being perhaps the more stimulating. The same 
feature in the latter book may be observed in the problems. It seems that the 
author took pains to have each exercise and problem a thought-provoking exer- 
cise. The question might arise whether there are enough drill problems of the 
various types to insure that the student will develop sufficient technique. 

The text by Borger treats determinants with a degree of completeness that 
compares favorably with that of some of our books on college algebra. No 
separate chapters are devoted to polar co-ordinates and to parametric equa- 
tions, these topics being taken up at various times when they would be most 
naturally suggested by their related topics. The Smith-Gale-Neelley book 
devotes a chapter or a part of a chapter to each of these topics. 
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The book by Borger treats the tangent in a somewhat unusual way, treating 
it from the point of view of the calculus and differentiating algebraic equations 
in order to determine the slope of the tangent to the corresponding curve. 
Another unusual feature in this book is the treatment of the ellipse. Instead 
of using a directrix the author uses a director circle which has its center at 
either focus and a radius equal to the major axis of the ellipse. This book has 
no chapter on empirical equations, in which it differs from the Smith-Gale- 
Neelley text. 

For so-called self-study a student will fare better by using the Smith- 
Gale-Neelley book. A teacher teaching the course for the first time will be safer 
in using the same book as a text. One who has taught the course and who is 
supplementing from outside sources will find the Borger text suggestive in its 
attack and more stimulating. 

J. CALVIN FUNK 


Les espaces abstraits et leur théorie considérée comme introduction a l’analyse 
générale. By Maurice Fréchet. Gauthier-Villars, Paris, 1928. (Borel 
series.) xi+296 pages. 

The subject of abstract spaces has attracted the attention of many mathe- 
maticians ever since the publication of Professor Fréchet’s thesis in 1906. Most 
of them have found it difficult, however, to learn much about abstract spaces, 
on account of the great number of articles which have been written on this sub- 
ject, each one representing an advance on the previous knowledge of some phase 
of the subject, but no one of them summarizing the existing knowledge of all 
phases of the subject. ; 

Hence until the appearance of the present volume, it has been necessary to 
study all of Fréchet’s papers in their chronological order in order to familiarize 
oneself with the present status of the subject of abstract spaces. In studying 
them one can observe incidentally the evolution of ideas and of terminology 
as Fréchet has developed the subject from its beginnings. This evolution is 
interesting enough in itself but of no interest to one who desires to know, for 
his own use, only the final results of Fréchet’s research. As an example of this 
evolution, what was called écart in Fréchet’s thesis is now called distance, and 
écurt is now used in a different sense. Also a space (V) as defined in Fréchet’s 
thesis and as defined now are quite different types of spaces. There is thus an 
element of danger in attempting to prove a theorem by combining theorems 
from two different papers by Fréchet, as there is always the possibility that a 
word has been used in different senses in the two papers. Fréchet has realized 
for some time the need for a volume which would enable the reader to start 
with the elements of the subject of abstract spaces and to become familiar in a 
general way with the present state of the subject, a volume furthermore which 
would preserve a uniform notation and which could safely be referred to in 
order to settle vexatious questions concerning the logical relations between 
abstract spaces of various types. 
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The present volume fulfills these requirements admirably, in the opinion 
of the reviewer. It is not a textbook, in the sense that a textbook should contain 
a complete detailed exposition of the subject matter. It is rather to be classified 
as a reference book, as it contains an outline of the principal ideas and the- 
orems, with references to the literature for the reader interested in the details 
of any particular phase of the subject. 

The book can be read with profit by anyone with a knowledge of the theory 
of functions of a real variable. For those only slightly interested in abstract 
sets, we especially recommend the “Introduction.” Very few will fail to obtain 
some new ideas from it. Those who wish to make a more detailed study of 
abstract sets will appreciate the copious references to the literature and the 
frequent remarks concerning unsolved problems and possible directions for 
further research. 

After a short preface, the book proper consists of four main divisions, 
which we shall describe in turn. The first main division, the “Introduction,” 
is devoted principally to describing that branch of mathematics known as 
general analysis and to explaining why a study of abstract spaces must precede 
a study of general analysis. General analysis is defined as the study of relations 
between two elements of any nature whatsoever, one of which plays the part 
of the independent variable, the other that of the dependent variable, or 
functional. In other words, it is the study of the relation y=f(x), where x and y 
are arbitrary elements and not necessarily numerical quantities as in 
classical analysis. (For example, x may stand for a differentiable function of 
a real variable ¢, and y for the derivative of this function with respect to ¢.) 
The functional y is defined for all values of x lying in a certain range or space, 
and we are thus led to a study of abstract spaces—an abstract space being de- 
fined as a set of elements, called points, all of the same nature which is either 
unknown or voluntarily ignored. In order to determine the differential of y, 
it is necessary to know the variation of y when x remains “near” a fixed point 
xo in this space. That is, some idea of “nearness,” of neighborhood or limiting 
point or distance, must be attached to the space in which x lies, before dif- 
ferentiation of y is possible. Thus before introducing the idea of differentiation 
into general analysis it is necessary to study abstract spaces of the types con- 
sidered in the latter part of the book. The remaining three divisions of the 
book are to be considered as merely a preamble to general analysis, which the 
author hopes to develop in detail in a later volume. 

The second main division of the book is Part 1, Section 1, which is devoted 
to a generalization of the notion of number of dimensions of a space. Much 
work has been done in recent years on the subject of the number of dimensions 
of a set of points considered as a space, the most successful treatment probably 
being that due to Menger and Urysohn. The generalization given in the present 
volume is due to Fréchet and is based upon his 1910 paper in the Mathematische 
Annalen. Fréchet’s definition has certain advantages and certain disadvantages 
over that of Menger and Urysohn, the main difference being that Fréchet 
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considers the number of dimensions as being a property of the space as a whole 
(see however pp. 111-113), while Menger and Urysohn consider it as a property 
of a point of the space. For instance, a straight line and a circle are each of 
dimension 1 according to the Menger-Urysohn definition, but according to 
Fréchet’s definition the line is of dimension 1 and the circle of dimension 
greater than 1 and less than 2. 

In the third main division (Part 1, Section 2) are discussed a number of 
loosely related topics, the most important being the subject of Fréchet’s 
spaces (D), or metric spaces, as Hausdorff calls them. These are spaces in which 
there exists a definition of the “distance” between each pair of points of the 
space, which definition is subject to certain light restrictions. In this division are 
also given a number of examples of spaces of an infinite number of dimensions, 
in continuation of the topic discussed in the preceding division of the book. 

The fourth main division (Part 2) is devoted to a discussion of the various 
types of abstract spaces which have been studied by Fréchet. The most general 
of these is called by Fréchet a topological space. This is a space in which is 
given merely some rule for finding the set of limit points (points of accumula- 
tion) of a given subset of the space. Very little, if anything, can be proved 
concerning a space of so general a type, because a relation between two subsets 
of the space does not imply any relation at all between the corresponding sets of 
limit points. But if we impose the condition that every limit point of a set E 
is also a limit point of every set which contains EZ, then the space becomes a 
space (V), and in a space (V) a remarkably large number of theorems hold true. 
To quote a few of the more elementary ones: (1) The set of points common to 
two closed sets is closed; (2) There exists an irreducible closed set containing 
a given set; (3) The sum of two connected sets having a point in common is 
connected ; (4) If C is a connected set which has a point in common with a set E 
but is not a subset of £, then C hasa point in common with the frontier of E£. 

Other spaces described in this division of the book are: accessible spaces, or 
spaces (/7), which can be defined by means of a property due to Professor E. R. 
Hedrick, and are therefore designated by his initial; spaces (L); spaces (£); 
spaces (.S); Hausdorff spaces, which are the same as the spaces which Hausdorff 
calls topological spaces; regular spaces; normal spaces; completely normal 
spaces; and finally, spaces (D). The logical relations between these different 
types of spaces are studied, and for most of them a set of theorems is given which 
are true in that space but are not true in a space of more general type. 

The apparent purpose of this hierarchy of spaces is to enable one to determine 
the most general space in which a given theorem holds true. Research of this 
particular type appears to the reviewer to be valueless if it results in merely 
multiplying the number of spaces to be considered. It can be carried to the 
absurd extremity of having a countable infinity of distinct spaces in each of 
which some particular theorem (and any theorem logically equivalent to it) 
holds true, but in which no other theorem holds true unless it also holds true 
in some more general space. 
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The book closes with two short notes by Fréchet reprinted verbatim from the 
Comptes Rendus, a bibliography, an index, and a table of contents. 

The reviewer regrets to state that although the contents of this book are of 
great mathematical value, the printing and editing of the book are not up to 
the same high standard. There are numerous misprints, none of them serious to 
be sure, but all of them annoying. Furthermore, there is a serious disagreement 
between the text and the table of contents concerning the division of Part 2 into 
chapters and sections. HARRY MERRILL GEHMAN 


A Short Table of Integrals, By B. O. Peirce. Third Revised Edition. Ginn and 

Company, Boston, 1929. 156 pages, $1.48. 

The familiar brown volume which for years has lain within easy reach on 
every mathematician’s desk is now to be replaced by an attractive green 
pebbled binding. 

In this new edition of the indispensable Table of Integrals, Professor Osgood 
has retained the arrangement and the serial numbering of the integrals practi- 
cally unaltered, so that no confusion can arise as between the old volume and 
the new. Two or three formulas have been replaced by more useful ones, and in 
a number of other cases the integrals have been recast in such a way as to avoid 
possible ambiguities and misinterpretations; notably, integrals 49, 50, 229, 
230, 298, 300, 314, 315, 316, 319, etc. Special attention is given to the 
correct determination of principal values of multiple-valued functions, and a 
brief preface defines these principal values for the most common functions. 

The tables at the end of the book have been somewhat amplified by the 
inclusion of more extensive tables of the hyperbolic functions, and of tables of 
square roots, taken from E. V. Huntington’s Handbook of Mathematics for 
Engineers. 5. 
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Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
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N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in Well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association with their difficulties in the solution of such prob- 
lems. 
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3382. Proposed by J. H. Butchart. 


Given a fixed conic, other than a circle, and the right to draw parallels, 
construct with the straight edge alone the mean proportional to two segments of 
a straight line. 


3383. Proposed by S. A. Corey, Des Moines, Iowa. 

A bag contains (m+n) balls, each of which may be either black or white 
with equal probability, m being the number of balls of one color and nm being 
the number of balls of the other color. A white ball is dropped into the bag, 
and then a ball is drawn out at random and found to be white. What is now the 
chance that of the original balls n were white and m black? 


3384. Proposed by Nathan Altshiller-Court. University of Oklahoma. 

A circle (C) touches an equilateral hyperbola (#7) in A and passes through 
the diametric opposite B of A on (7/7). (1) Prove that the third point common 
to the two curves is the diametric opposite of A on (C). (2) The lines joining 
A to the ends of the diameter of (C) perpendicular to AB are parallel to the 
asymptotes of (77). (3) If a line through A meets the two curves again in P and 
Q, show that BP, BQ are equally inclined to BA. 


SOLUTIONS 


3325 [1928, 261]. Proposed by Paul Capron, U.S. Naval Academy. 

Two circles, S; and S, with centers O; and O, intersect at A; O,A meets S; 
at Ke, O:A meets S; at K;. Show that the triangle K,A Ky is similar to the 
triangle O,A Oy. 


Solution by E. G. Olds, Carnegie Institute of Technology. 


Extend AO, to meet S; at T; and AO, to meet S,; at 7;. Then AK2T2 and 
AK,Ty, are right triangles and are similar, having an acute angle of the one 
equal to an acute angle of the other. Therefore, 


AK./AK, = A T2/A Ti = 2A02/2A0; = AO2/AOQ,. 


Also Z K2A K,= Z0.AQ,. Therefore the triangles K2A K; and O2A O, are similar. 

Also solved by Nathan Altshiller-Court, H. W. Brown, Rufus Crane, R. A. 
Johnson, L. S. Johnston, J. H. Neelley, A. Pelletier, Paul Wernicke, F. L. Wren, 
and Margaret M. Young. 


3326 [1928, 321]. Proposed by J. J. Ginsburg, Student, Cooper. Union. 


Prove that, if R, r, 2s are the circumradius, inradius, and perimeter of a 
triangle, its altitudes satisfy the cubic 


2Rx* — (s? + r? + 4Rr) x? + 4rs?x — 4r’s? = 0. 
Solution by Boyd C. Patterson, Hamilton College. 


Let a, b, c be the sides of a triangle and a, 6, y the corresponding altitudes. 
Then from plane geometry we have: 


| 
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(1) aa = bB = cy = 2rs; (2) bc/a = ac/B = ab/y = 2R; 
(3) = (s — a)(s — b)(s — 

By combining (1) and (2) we obtain the following results: 
abc = 2Raa = 4Rrs ; 2RaBy = (b8)(cy) = ; 2Ra(b8) = be(2rs) 
and, hence 
2R(aB + By + ya) = 2rs(c + a+b) = 4rs?; 2R(a+B+y) =be+ca+ ab. 
Expanding (3) and inserting the above values where needed, we find 
rs = —(a+b4+6)s?+ (ab+ be + ca)s — abc 

= — 2Rs(a+B+y) — 4Rrs. 
Hence 2R(a+8+y7) =r?+5?+4Rr, and the desired equation is 
2Rx* — (r? + 5s? + 4Rr)x? + 4rs?x — 4r?s? = 0. 


Note by the Editors. If z is the altitude corresponding to the side x, then 
zx=2rs and the required equation easily follows from the equation obtained 
[1924, 502] in the solution of problem 3059 [1924, 101]. 

Also solved by C. A. Barnhart, E. H. Clarke, P. S. Dwyer, F. A. Lewis, R. E. 
Lowney, A. Pelletier, N. Petroff, C. H. Smiley, Guy Stevenson, C. J. Stowell, 
Paul Wernicke, Roscoe Woods, F. L. Wren, and the Proposer. 


3327 [1928, 321]. Proposed by J. H. Neelley, Carnegie Institute of Tech- 
nology. 


Bisect a given line segment by means of compasses only. 


Solution by Roscoe Woods, University of Iowa. 

The solution of this problem is made to depend upon the following problem, 
i.e., to construct by means of compasses only the inverse A’ of a given point A 
with respect to a given circle O(B). [The notation O(B) means a circle whose 
center is O and whose radius is OB.] For the case OA > OB we proceed as follows. 
Describe the circle A(O); it cuts O(B) in the points C and D which are real 
and distinct. Describe the circles C(O) and D(O) to meet in A’. Then A’ is 
the inverse of A with regard to O(B). For by symmetry OA’A isa straight line. 
Also the triangles OA C and OCA’ are both isosceles by construction, and have a 
common base angle at O; they are therefore similar and OA/OC=OC/OA’, 
or OA -OA’=OC?, which proves that A and A’ are inverse points. 

In the problem at hand, let P and Q be the extremities of the given line 
segment. Describe the circle Q(P) and then in succession the circles P(Q), 
R(Q), S(Q) to meet Q(P) in the points R, S, P’ respectively, so that P, R, S, P’ 
are successive angular points of a regular hexagon inscribed in Q(P). We 
have now only to construct the inverse X of P’ with respect to the circle P(Q). 
Then X is the midpoint of PQ, for PX -PP’=PQ? by construction; and since 
PP’=2PQ, we have immediately that 2PX = PQ. 
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For possible constructions with compasses only, consult H. P. Hudson’s 
Ruler and Compasses, (Longmans, Green, and Co., 1916). For the original 
literature on this subject see Mascheroni’s Geometria del Compasso (Pavia, 
1797),Adler’s Zur Theorie der Mascheronischen Constructionen, (Wiener Sitzungs- 
berichte, 1890), and Hobson’s On geometrical constructions by means of the coni- 
passes (Mathematical Gazette, March, 1913). 

Also solved by W. E. Buker, L. C. Mathewson, B. C. Patterson, A. Pelletier, 
J. Rosenbaum, Guy Stevenson, Paul Wernicke, and the Proposer. 


3328 [1928, 321]. Proposed by Paul Wernicke, Washington, D. C. 
Let A, B, C, D be four points in a plane no three of which are collinear. 
If AC, BD, produced, meet in F, and AD, BC meet in G, prove that 
(AF/FC)/(AG/GD) = (BG/GC)/(BF/FD). 


Solution by the Proposer 


Consider the triangle ABC and the point D. The lines joining D to the ver- 
tices meet the opposite sides in G, F, E, and it follows from a known theorem 
that 


(A E/EB)(BG/GC)(CF/FA) = + 1. 
In a similar manner the triangle ABD and C give 
(A E/EB)(BF/FD)(DG/GA) = + 1. 


From these two equations it follows at once that the proposed equality is true 
both as to sign and magnitude. 
Also solved by P. S. Dwyer, Nobuichi Kobora, A. Pelletier. 


3330 (1928, 321]. Proposed by J. B. Reynolds, Lehigh University. 

A uniform elastic thread of natural length a, weight W, and coefficient of 
elasticity e lies within and is attached to one end of a smooth tube. The 
tube is rigidly attached at this end to a thin vertical rod with which it makes 
an angle @. Find the length of the elastic thread in steady motion under a con- 
stant angular velocity m about the vertical rod and locate the center of gravity 
of the thread. 6 is measured clockwise from the tube to the vertical. 


Solution by the Proposer 


Consider a length As of the thread at P, a point distant s from the point of 
attachment, the tension at the ends of As being 7+AT and T in the sense of 
increase of s. Let w be the weight per unit length at P. Resolving along the 
smooth tube, we have 


T-—(T+AT) = [ w cos + sin’@|As, 
from which arises the differential equation, 


(1) — dT/ds = wcos 6 + wg-'n’ sin? Os. 
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Suppose that in the unstretched state P moves back to the position Pp» 
at distance So from the point of attachment. In that state let the density and 
cross section area be dy and co respectively, while in the stretched state they are 
d and c. Suppose an increment of length Aso stretches into a length As; then 
since the weight does not change, codpAsp=cdAs. But cd is w, the weight per unit 
length when the thread is unstretched. Hence, we have woAsy = wAs or 


(2) w = wodso/ds. 
By Hooke’s Law, As = (1+7Te-)Aso; whence, 
(3) ds/dsy = 1+ Te, 


from which 

(4) dT /dso = ed?s/ds? . 
Substituting from (2) and (4) in (1), we derive 

(5) d?s/ds + sin? @ = — woe! cos 

If we let L =an sin 0(wog~'e-!)!/?, the general solution of (5) is 

(6) s = Asin (Lspa-! + B) + C, 


A, B, C being constants which to meet the condition of the problem and of (5) 
must satisfy the relations: 


(7) L?Ca~? = — woe cos 0. 
(8) 0 = Asin B — woateL- cos 8 ;5W since s = 0 for so = 0. 


(9) 1=ALa cos (L+B); since ds/dsy=1 for s9 =a, as is shown by (3) because 
T=0 when so=a. 
From these relations, we derive the following values: 
A = woa*eL~ cos Ocsc B ; 
B 


C = — wate L-? cos 6. 


arc cot [tanL + eLwo-!a-' sec L sec 8] ; 


Now the length of the stretched thread, sa, is given by (6) for s) =a, and is, there- 
fore, 


Sa = woa%e-!L-* cos O[csc B sin (L+ B) — 1]. 


Expanding and substituting the value of cot B, we find that this may be put in 
the form 


(10) Sa = WaeL-*[(sec L — 1) cos0 + eLW- tan L). 


There are checks which we may apply to (10). If L—-0 because 0-0, the 
thread is vertical ands, = Wae-!(4-+eW-"), whence the extension s,—a =} Wae—, 
as it should. If L—-0 because n—0, the tube is still but inclined at an angle @ 
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to the vertical, and we have sa= Wae~'(4cos 6+eW-") and the extension 
Sa—a=}4Wae-' cos 6. If @=90°, in this case s,=a which is correct. Again if in 
(10), @=90°, the tube rotates in a horizontal plane and s,=aL~ tan L, as it 
should. 

To determine 5, the distance from the point of attachment to the center of 
gravity of the stretched thread, we consider the moving mass as concentrated 
at its center of gravity; then resolving along the smooth tube, we have 


(11) To = Wg-'5n? sin? 6 + W cos 6 = eL*a—'5 + W cos@, 


in which 7» is the tension at the point of attachment. 
Now ds/dsyp=1+Te™, and T=T> for s»=0. From (6) we find for s9=0, 


ds/dso = WeL— tan L cos 8 + sec L, 
and therefore 


(12) = WL-' tan L cos @ + e(secL — 1). 
Equations (11) and (12) give for s, which locates the center of gravity, 
(13) $= aWe'L~-*(L—" tan L — 1) cos 6+ a(sec L — 1)L7?. 


In (13), if L-0 because 6-0, s = 4a+4a We for the thread when vertical. 
If L—0 because 2-0, 5=4a+4aWe- cos 6. If 6--90° so that the thread is 
revolving in a horizontal plane, s =a(sec L—1) L-?. 

Also solved by William Hoover. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


Professor and Mrs. E. B. Van Vleck will sail from San Francisco on August 
15, for a trip around the world. Professor Van Vleck retired from active teach- 
ing in June, 1929. 


Professor George B. Birkhoff, of Harvard University, has been elected 
correspondent of the Paris Academy. 


Professors A. A. Michelson, of the University of Chicago, and R. A. Mil- 
likan, of the California Institute of Technology, were awarded gold medals by 


the Society of Arts and Sciences at a meeting in New York City, February 22, 
1929. 


The King of Italy has conferred the decoration of Officer of the Crown of 
Italy upon Dr. Raymond Pearl, director of the Institute of Biological Research 
of Johns Hopkins University. 


The American Institute of Electrical Engineers has made the following 
awards: the Edison gold medal for achievement in electrical science to Dr. F. B. 
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Jewett, for his pioneer research and development work in connection with the 
theory and practice of voice transmission; the Lamme medal to Mr. Allan 
Bertram Field, “for the mathematical and experimental investigation of eddy 
current losses in large slot-wound conductors in electrical machinery.” 


Princeton University has received from its class of '87 the sum of $200,000 
to endow the chair of astronomy held by Professor H. N. Russell, a member of 
that class. The class also presented a portrait of Professor Russell to the 
University. 

A symposium on theoretical physics is being conducted at the University of 
Michigan, from June 24 to August 16, 1929. The following courses of lectures 
will be delivered: by E. A. Milne, of the University of Oxford, “Problems in 
astrophysics, and vector and tensor methods in statics and dynamics”; by 
K. P. Herzfeld, of Johns Hopkins University, “Statistical mechanics” ; by Leon 
Brillouin, of the University of Paris, “Quantum statistics” ; by Edward Condon, 
of Princeton University, “Introduction to quantum mechanics”; by P. A. M. 
Dirac, of the University of Cambridge, “Advanced quantum mechanics”; by 
D. M. Dennison, of the University of Michigan, “Band spectra.” 


Assistant Professor H. M. Gehman, of Yale University, has been appointed 
head of the department of mathematics at the University of Buffalo. 


Mr. W. J. Hazard has been promoted to an assistant professorship of mathe- 
matics at the University of Colorado. 


Miss Marie Litzinger has been promoted to an assistant professorship of 
mathematics at Mount Holyoke College. 


Dr. Edward D. McAllister, who has been assistant professor of mathematics 
and physics at the University of Oregon during the year 1928-29, will continue 
the work there next year. 


Assistant Professor A. D. Michal, of the Ohio State University, has been 
appointed associate professor of mathematics at the California Institute of 
Technology. 


Professor W. E. Milne, of the University of Oregon, who has been on leave 
as professor of mathematics at Stanford University this year, will return to the 
University of Oregon next fall. During his absence Dr. H. C. Hicks has served 
as assistant professor of mathematics at the University of Oregon. Dr. Hicks 
has recently been elected professor of mathematics and aeronautics at Texas 
Technological College. 


Associate Professor L. L. Smail, of Lehigh University, has been promoted 
to a professorship of mathematics. 


Dr. P. A. Smith has been promoted to an assistant professorship of mathe- 
matics at Barnard College, Columbia University. 


Dr. W. H. Taylor has been appointed head of the department of mathema- 
tics at Alabama College. 
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Dr. W. J. Trjitzinsky has been promoted to an assistant professorship of 
mathematics at Lehigh University. 


Professor James V. Uspensky of the Russian Academy of Sciences has been 
appointed professorial lecturer at the University of Minnesota for the summer 
quarter and part of the spring quarter. During the spring quarter he lectured on 
“Integration in finite form”. He will lecture on the theory of numbers in the 
first session of the summer quarter and on the theory of probability in the 
second session. 


Mr. Charles H. Vehse, of Brown University, has been appointed assistant 
professor of mathematics at the University of West Virginia. 


Dr. Louis Weisner has been promoted to an assistant professorship of mathe- 
matics at Hunter College. 


Professor G. T: Whyburn, recently appointed at Johns Hopkins University, 
has been appointed Guggenheim Fellow for next year, and will have leave of 
absence from Johns Hopkins University. 


The following appointments to instructorships in mathematics are an- 
nounced: 

Barnard College, Dr. Lulu Hofmann, Mr. H. W. Raudenbush. 

Brown University, Mr. G. N. Carmichael, Mr. K. G. Fuller of Northwestern 
University. 


Professor W. H. Sherk, of the University of Buffalo, died in January, 1929. 


Doctorates in 1928 


The following forty-nine doctorates with mathematics or mathematical 
physics as major subject were conferred by American Universities during 1928; 
the university, month in which the degree was conferred, minor subject (other 
than mathematics), and title of dissertation are given in each case if available: 

A. A. ALBERT, Chicago, August, Algebras and their radicals and division 
algebras. 

H. E. ARNOLD, Yale, June, The rational space quintic curve of the second 
species and its relation to the rational plane quartic curve. 

May M. BEENKEN, Chicago, June, Surfaces in five-dimensional space. 

T. C. BENTON, Pennsylvania, June, On continuous curves which are homo- 
geneous except for a finite number of points. 

A. H. Buue, Iowa, July, On the structure of sets of points of classes one, two, 
and three. 


G. B. BricGs, Princeton, June, On types of knotted curves. 

Yuan Cuou, California Institute of Technology, June, theoretical 
physics, The gravitational field of a body with rotational symmetry in Einstein's 
theory of gravitation. 

L. W. CoHEN, Michigan, June, On subsets of separable metric space homeo- 
morphic with subsets of the linear continuum. 
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H. A. Davis, Cornell, June, physics, Involutorial transformations belonging 
to a linear complex. 

H. A. DoBELL, Cornell, February, industrial organization, On the-geometry 
of the triangle. 

D. C. Duncan, California, May, astronomy, Rational quintic curves auto- 
polar to a finite number of conics. 

J. M. Ear, Minnesota, July, physics, Polynomials of best approximation on 
an infinite interval. 

Joun J. GERGEN, Rice, June, Generalized lacunae, On Taylor's series ad- 
mitting the circle of convergence as a cut, On accessible points on the boundary of a 
three dimensional region. 

A. O. Hickson, Chicago, August, An application of the calculus of variations 
to boundary-value problems. 

E. L. HILL, Minnesota, June, major, physics, minor, mathematics, Quantum 
mechanics of the rotational distortion of spin multiplets in molecular spectra. 

Rosa L. Jackson, Chicago, August, The boundary-value problem of the 
second variation for parametric problems in the calculus of variations. 

R. L. Jerrery, Cornell, June, physics, The sequences of functions which 
define a definite integral containing a parameter. i 

Marie M. Jounnson, Chicago, August, Tensors of the calculus of variations. 

B. W. JoNEs, Chicago, June, Representation by positive ternary quadratic 
forms. 

E. G. KELLER, Chicago, August, On the origin of a planet from a ring system. 

G. H. KEULIGAN, Johns Hopkins, June, Vibrations of an elongated U-bar. 

M.S. KNEBELMAN, Princeton, June, Collineations and motions in generalized 
spaces. 

MARK KorMes, Columbia, January, On basis sets. 

Lincotn LAPaz, Chicago, August, Am inverse problem of the calculus of 
variations. 

W. T. MAcCreEapIiE, Cornell, February, physics, On the stability of the motion 
of a viscous fluid. 

Morris, MARDEN, Harvard, June, On the location of the roots of the jacobian 
of two binary forms and of the derivative of a rational function. 

W. L. Moorg, Illinois, June, mathematical physics, On the geometry of the 
Weddle surface. 

D. C. Morrow, Chicago, June, The determination of all quaternary quadratic 
forms which represent every positive integer. 

F, W. Perkins, Harvard, February, On the oscillation of harmonic functions. 

J. W. Peters, Johns Hopkins, June, Invariants of sets of points under 
inversion. 

QO. J. PETERSON, Michigan, June, On the rational plane quintic with three 
cusps. 

C. G. Puiprs, Minnesota, July, physics, Problems in approximation by func- 
tions of given continuity. 
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ALLIE W. RICHESON, Johns Hopkins, June, Pentagons isscribed in circles. 

W. C. RIssELMAN, Minnesota, July, physics, Approximation to a given func- 
tion by means of polynomials in another given function. 

V. B. RojJANsKy, Minnesota, August, major, physics, minor, mathema- 
tics, The Stark effect of hydrogenic atoms in the new quantum mechanics. 

W. E. Rotu, Wisconsin, June, applied mathematics, A solution of the matrix 
equation P(X)=A. 

C. A. Rupp, Chicago, June, An extension of Pascal’s theorem to space of 
r dimensions. 

N. E. Rutt, Pennsylvania, June, Concerning the cut points of a continuous 
curve when the arc curve contains exactly n independent arcs. 

S. A. SCHELKUNOFF, Columbia, May, On certain properties of the metrical 
and generalized metrical groups in linear spaces of n dimensions. 

A. A. SHAGHOIAN, California, May, analytical mechanics, Solution of homo- 
geneous linear difference equations by means of infinite determinants. 

C. D. Smitu, Iowa, February, On generalized Tchebycheff inequalities in 
mathematical statistics. 

F. E. Smitu, Catholic, June, physics and philosophy, The triangles in- and 
circum-scribed to the triangular symmetric rational quartic curve. 

Dawn Sun, Chicago, August, Projective differential geometry of quadruples of 
surfaces with points in correspondence. 

E. L. THompson, Chicago, June, Systems of two differential equations from the 
Lie group standpoint. 

MorGANn WARD, California Institute of Technology, June, physics, The 
foundation of general arithmetic. 

MakleE J. WEIss, Stanford, June, Primitive groups which contain substitutions 
of prime order p and of degree 6p or 7p. 

C. O. WiLLiAMson, Chicago, August, Stability of an airplane with rotating 
propeller. 

D. W. WoopwarD, Pennsylvania, June, Two dimensional analysis situs, with 
special reference to the Jordan curve-theorem. 

' Ko-CHUEN YANG, Chicago, August, Various generalizations of Waring’s 

problem. 


A Congress of Mathematicians of Slavic Countries will be held at Warsaw, 
Poland, on September 23-27, 1929. The Congress will have sections in the 
following subjects: (1) Foundations of mathematics, history, didactics; (2) 
Arithmetic, algebra, analysis; (3) Point set theory, topology and applications; 
(4) Geometry; (5) Rational mechanics, applied mathematics. Those who desire 
to take part in the Congress are asked to indicate this to the Secretary of the 
Congress where a proper registration blank can be obtained. The Congress 
will be held under the presidency of Professor W. Sierpinski. The address of 
the Secretary is Politechnika, Gabinet Matematyczny, p. 72, Warszawa 
(Pologne), ul. Polna 3. 


Announcing the Third Edition of 


COLLEGE ALGEBRA 
By H. L. RIETZ and A. R. CRATHORNE 


A new and thorough revision. This text has been rewritten to bring the material up to date. 
New chapters on probability and on compound interest and annuities have been added; the first 
presenting the subject of probability, for the first time in an algebra text, from the: statistical 
point of view. The exercises and problems have been completely changed except in the case of 
certain unique problems that have been a leading characteristic of the book. $1.76 


A First Course in 


THE DIFFERENTIAL AND INTEGRAL CALCULUS 
By WALTER B. FORD 


“I have looked through the book with considerable care and find it to be a good piece of work. 
I think all of Dr. Ford’s College Texts are good but I believe this is his best work up to date.’ 
—LAURENCE HADLEY, Purdue University $3.00 


FUNCTIONS OF REAL VARIABLES 
By E. J. TOWNSEND 


A study of this text will enable the student to have a better grasp and understanding of the 
fundamental principles of the calculus of real variables and know something of the more recent 
developments of this branch of analysis. The book is companion volume to Professor Townsend’s 


book on Complex Variables. $5.00 
HENRY HOLT AND COMPANY, Inc. 
One Park Avenue New York 


The Chauvenet Prize 


In the year 1925, the AssoctaTIoN established a prize of one hundred dollars for 
the best expository paper published in English during successive periods of five 
years by a member of the Association. 


The purpose of the prize is to stimulate expository contributions in mathematical 
journals. The award does not apply to books, although the CArRus MonocrapHs 
are expository in character and on this score might be included. They carry their 
own reward in the form of a liberal cash honorarium to each author. 


It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAUVENET Prize will tend to stimulate such production. 


The retiring President of the Association, Professor W. B. Ford, has given an 
additional endowment for this prize whereby it will hereafter be awarded every 
three years. The next award, however, will be in December, 1929, for the period 
1925-1928 inclusive. 


Note that the prize is to be awarded only to a member of the AssociATION—one 
more of the many good reasons for membership. 
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CONTENTS 


The Information Bureau for Appointments 

The Third Annual Meeting of the Philadelphia Secton. By J. R. KiInE. . 

The March Meeting of the Southern California Section. By P.H. DAus.. 

The Fifteenth Annual Meeting of the Kansas Section. By Lucy T. 
DOUGHERTY 

Cryptography in an Algebraic Alphabet. By LESTER S. HILL.......... 

The Life Insurance Actuary and his Mathematics. By RAyMonp V. 
CARPENTER 

QUESTIONS AND Discussions: “On the resolution of a fraction into partial 
fractions,” by W. C. BRENKE; “On the approximate division of a cir- 
cumference,” by J. P. BALLANTINE; “The number of arithmetical 
operations involved in the solution of a system of linear equations,” 
by T. H. GRonwaALt; “Simplification of an annuity formula,” by C.C. 
WYLIE 

RECENT PUBLICATIONS: New Books Received. Reviews by ALBERT W. 
RAAB, WILLIAM M. WuHysBurn, J. CALVIN FUNK, HARRY MERRILL 

PROBLEMS AND SOLUTIONS: Problems for Solution—3382-—3384. Solutions 
—3325, 3326, 3327, 3328, 3330 


DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Epitor-1n-Cuier, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


—e FOR REVIEW should be sent to R. A. Jounson, Hunter College, New York, 


BUSINESS CORRESPONDENCE should be addressed to the SrcreTary-TREASURER 
of the Association, W. D. Carrns, Oberlin, Ohio. 

MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Thirteenth Summer Meeting of the Association, Boulder, Colorado, August 26-27, 1929. 
Fourteenth Annual Meeting, Des Moines, Iowa, December 31, 1929, January I, 1930. 
The following is a list of the sections of the Association, with dates of those section 

meetings which have been scheduled. 

ILtrnors, Carthage, IIl., May 3-4. Missourt, Kansas City, Mo., November 16. 

[npIANA, Culver Military Academy, May 3-4. NEBRASKA. 

IowA, Fairfield, Iowa, April 26-27. Ou10, Columbus, Ohio, April 4. 

Kansas, Topeka, Kansas, February 2. PHILADELPHIA, University of Pennsylvania, 

Kentucky, Lexington, Ky., April 13. November 30. 

Lafayette, La., April Greeley, Colo. April 
12-13. 

MaryLanp-District oF COLUMBIA-VIRGINIA, SOUTHEASTERN, Macon, Ga. April 19-20. 
George Washington University, May 4. SoUTHERN CALIFORNIA, University of Red- 

Micuican, Ann Arbor, Mich., March 16. 

Minnesora, St. Paul, Minn., May 11. Texas, Houston, Texas, Jan. 26. 
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THE NATIONAL CoUNCIL oF TEACHERS OF MATHEMATICS. 
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COLLEGE ENTRANCE REQUIREMENTS IN GEOMETRY 


A proposal has been made to the College Entrance Examination Board that 
it should modify its requirements so as to bring about the more extensive intro- 
duction of courses including an appreciable amount of solid geometry in the 
first year of geometry, in place of a part of the plane geometry ordinarily taught. 
In response to a request from the Board, a committee has been appointed by the 
Mathematical Association of America and the National Council of Teachers of 
Mathematics to discuss the feasibility of the proposal. The membership of the 
committee is as follows: 

Miss Gertrude E. Allen, University High School, Oakland, Cal. 

C. M. Austin, High School, Oak Park, III. 

Ralph Beatley, Graduate School of Education, Harvard University, Cambridge, Mass. 

Walter F. Downey, English High School, Boston, Mass. 

Mrs. Elizabeth L. Hall, East High School, Rochester, N. Y. 

J. O. Hassler, University of Oklahoma, Norman, Okla. 

Dunham Jackson (Chairman), University of Minnesota, Minneapolis, Minn. 
C. N. Moore, University of Cincinnati, Cincinnati, Ohio. 

W. D. Reeve, Teachers College, Columbia University, New York, N. Y. 
Edwin W. Schreiber, University High School, Ann Arbor, Mich. 


The primary function of this committee is not to draw up detailed rec- 
ommendations for the proposed new requirement, but to discover if there is 
sufficient interest in the project on the part of colleges and schools to justify the 
Board in proceeding with a careful study of it. 

The inclusion of any significant amount of new material in the first-year 
course clearly implies the elimination of much that has been regarded as of 
genuine importance. The question is not whether the existing course can absorb 
the additional material, but whether it can clear a place for it without sacri- 
ficing its own essential character. 

Those who believe in the existing courses in geometry at all will agree that 
the pupil ought to carry away with him: 

An adequately comprehensive knowledge of geometric ideas, facts, and 
processes ; 

An intimate acquaintance with the nature of deductive reasoning, as ap- 
plied not only to detached items of argument, but also to the sustained building 
up of an extensive and coherent logical structure; 

Familiarity with the independent use of deductive reasoning through the 
study of substantial “originals” ; 

Some facility in the application of geometrical knowledge in the world of 
experience. 

It is suggested that it may be found possible to preserve these essentials, 
with considerably more liberal recognition than has been customary hitherto 
of the principle that an elementary course need not aim at the final articulation 
of all the facts that it embraces into a single logical framework. It may be 
possible to arrive at a readjustment of emphasis which will admit some of the 
important ideas of three-dimensional geometry in the first year, and at the 


